
LECTURE NOTES ON S1-EQUIVARIANT SYMPLECTIC HOMOLOGY

JEAN GUTT

ABSTRACT. These are a preliminary version of Lecture Notes on positive S1-
equivariant Symplectic homology for the Summer School on Equivariant Sym-
plectic Homology at the Schloß Rauischholzhausen, 23 - 27 July 2018. These
notes are essentially a compilation of some parts of the papers [Gut17, GH17,
GU17].

This manuscript is written for readers having some background in Floer
homology; we recommend for instance the lecture of [AD14] beforehand.
Comments and suggestions are welcome!
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1. PROLEGOMENON

1.1. Motivations. Symplectic and contact geometry originated in a mathemat-
ical formulation of the classical mechanics of dynamical systems with finitely
many degrees of freedom. The objects studied are smooth manifolds with an
additional structure, symplectic in the even-dimensional case and contact in the
odd-dimensional one. One of the most prominent feature of symplectic and
contact geometry is that rigidity and flexibility phenomena coexist. Flexibil-
ity is illustrated in Darboux’s theorem (locally all symplectic, respectively all
contact, manifolds are “the same”) and in various h-principles. Rigidity is illus-
trated in Gromov’s non-squeezing theorem (which is at the origin of symplectic
topology) stating that one can symplectically embedd a ball in a cylinder if and
only if the radius of the ball is less than that of the cylinder. The comprehen-
sion of when rigidity or flexibility occurs and what happens at the “boundary”
between those two phenomena is a central question of symplectic and contact
geometry/topology.

A symplectic manifold is a manifold endowed with a closed, non-degenerate
2-form; this manifold is therefore even-dimensional. A contact manifold is an
odd-dimensional manifold (2n ´ 1) endowed with a contact structure, i.e. a
codimension 1 distribution ξ having a “maximal non-integrability” property. If
we write locally the distribution as kernel of a 1-form, ξ“ Kerα, the condition is
that α^pdαqn´1 is nowhere vanishing; such a 1-form α is called a contact form.
If α can be defined globally, the contact structure is said to be co-oriented and
the corresponding Reeb field is the unique vector field satisfying ιpRαqdα “ 0
and αpRαq “ 1.

1.1.1. Dynamics of the Reeb field. The Reeb vector field never vanishes (since
αpRαq “ 1); hence its flow does not have any fixed point. Periodic orbits are
thus the most noticeable objects thereof. If α is a contact form on M , f α is also
a contact form for any positive function f P C8pM ,Rq. There are thus as many
Reeb fields on a contact manifold M as there are positive smooth functions on
M . There is, conjecturally, a strong rigidity stating that if M is compact, each of
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those Reeb field admit a periodic orbit. It is expressed as Weinstein conjecture,
a central question in contact geometry.

Conjecture 1.1 (Weinstein). Every contact form on a compact contact manifold
carries at least one periodic Reeb orbit.

The Weinstein conjecture was proven in dimension three by Taubes in 2007
[Tau07]. Taubes’ result was later improved by Cristofaro-Gardiner and Hutch-
ings [CGH16] who proved that every contact form on a compact contact mani-
fold of dimension three carries at least two geometrically distinct periodic Reeb
orbits. Recently, Cristofaro-Gardiner, Hutchings and Pomerleano [CGHP17]
have proven that, modulo assumptions1, every contact form on a compact con-
tact manifold of dimension three carries either two or infinitely many geometri-
cally distinct periodic Reeb orbits. This last result does not generalize to higher
dimensions since Albers, Geiges and Zehmisch [AGZ18] constructed examples,
in all dimensions greater than five, of contact forms on compact connected con-
tact manifolds carrying an arbitrarily large (but finite) number of geometrically
distinct periodic Reeb orbits.
Those results enhanced the pertinence of the following question:

Question 1.2. Given a contact manifold, what is the lower bound on the num-
ber of geometrically distinct periodic Reeb orbits and what is the topological (or
analytic) significance of that bound?

This question is actually still open for the sphere with standard contact struc-
ture in R2n. The standard contact structure on the sphere S2n´1 is defined as
the kernel of the 1-form α0

ˇ

ˇ

S2n´1 :“ 1
2

řn
i“1px id yi ´ yid x iq

ˇ

ˇ

S2n´1 .

Lemma-Remark 1.3. The study of the Reeb field on all star-shaped2 hypersur-
faces is equivalent to the study of the Reeb field for all contact forms defining
the standard contact structure on the sphere S2n´1.

If the star-shaped hypersurface is a regular level set of a smooth function H :
R2n Ñ R, the Reeb field is a multiple of the Hamiltonian field.

Conjecture 1.4. Every star-shaped hypersurface in R2n carries at least n geomet-
rically distinct periodic Reeb orbits.

1.1.2. Symplectic embeddings. Given two symplectic manifolds, pX ,ωX q and
pU ,ωUq, a symplectic embedding ϕ : X ãÑ U is a smooth embedding of X in
U such that ϕ‹ωU “ ωX . A general problem in symplectic topology is to clas-
sify the symplectic embeddings between two symplectic manifolds X and U of
the same dimension. This problem originated in the non-squeezing theorem of
Gromov. Let B2nprq and Z2npRq :“ B2pRq ˆR2n´2 denote the ball of radius r,
respectively the cylinder of radius R in R2n.

1The assumptions are that the contact form is non-degenerate and the first Chern class of the
contact structure is torsion

2by star-shaped, I mean that the radial vector field is everywhere transverse to the boundary
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Theorem 1.5 (Gromov’s non-squeezing). The ball B2nprq symplectically em-
bedds in Z2npRq if and only if r ď R.

Even simple questions on embeddings are completely open: When can you
symplectically embedd X into U and, if you can, in how many different ways?

A tool allowing to approach all the above questions would be great; this is
precisely what (positive) S1-equivariant symplectic homology is!

1.2. Properties of the equivariant symplectic homology. (Positive) symplec-
tic homology was developed by Viterbo [Vit99], using works of Cieliebak, Floer,
and Hofer [FH94, CFH95]. The S1-equivariant version of (positive) symplectic
homology was originally defined by Viterbo [Vit99], and an alternate definition
using family Floer homology was given by Bourgeois-Oancea [BO16, §2.2], fol-
lowing a suggestion of Seidel [Sei08]. We will use the family Floer homology
definition here, because it is more amenable to computations. We follow the
treatment in [Gut17], with some minor tweaks which do not affect the results.

Let pX ,λq be a Liouville domain, so that X is a compact smooth manifold
with boundary and λ P Ω1pX q has the properties that dλ is non-degenerate
and that λ|BX is a contact form. We say that pX ,λq is non-degenerate if the
linearized return map of the Reeb flow at each closed Reeb orbit on BX , acting
on the contact hyperplane kerλ, does not have 1 as an eigenvalue. We will also
assume that the first Chern class of T X vanishes on π2pX q.

In this situation, for each L P R we have an L-filtered positive S1-equivariant
symplectic homology, SHS1,`,LpX ,λq, which will be defined properly in §2.4.
To simplify notation, we often denote SHS1,`,LpX ,λq by CH LpX ,λq below3.
These areQ-vector4 spaces that come equipped with maps ıL1,L2

: CH L1pX ,λq Ñ
CH L2pX ,λq for L1 ď L2 such that ıL,L is the identity and ıL2,L3

˝ ıL1,L2
“ ıL1,L3

.5

The assumption on c1pT X q implies that the CH LpX ,λq are Z-graded. The (un-
filtered) positive S1-equivariant symplectic homology of pX ,λq is CHpX ,λq “
lim
ÝÑL

CH LpX ,λq where the direct limit is constructed using the maps ıL1,L2
.

Proposition 1.6. The positive S1-equivariant symplectic homology CHpX ,λq has
the following properties:

(Free homotopy classes): CHpX ,λq has a direct sum decomposition

CHpX ,λq “
à

Γ

CHpX ,λ, Γ q

3The reason for this notation is that positive S1-equivariant symplectic homology can be re-
garded as a substitute for linearized contact homology which can be defined without transver-
sality difficulties [BO16, §3.2].

4It is also possible to define positive S1-equivariant symplectic homology with integer coeffi-
cients. However the torsion in the latter is not relevant to the applications explained here, and
it will simplify our discussion to discard it.

5Warning: In [GH17] the map that we denote by ıL1 ,L2
is denoted by ıL2 ,L1

.
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where Γ ranges over free homotopy classes of loops in X . We let CHpX ,λ, 0q
denote the summand corresponding to contractible loops in X .

(Action filtration): For each L P R, there is a Q-module CH LpX ,λ, Γ q
which is an invariant of pX ,λ, Γ q. If L1 ă L2, then there is a well-defined
map

(1.1) ıL1,L2
: CH L1pX ,λ, Γ q ÝÑ CH L2pX ,λ, Γ q.

These maps form a directed system, and we have the direct limit

lim
LÑ8

CH LpX ,λ, Γ q “ CHpX ,λ, Γ q.

We denote the resulting map CH LpX ,λ, Γ q Ñ CHpX ,λ, Γ q by ıL . We
write CH LpX ,λq “

À

Γ CH LpX ,λ, Γ q.
(U map): There is a distinguished map

U : CHpX ,λ, Γ q ÝÑ CHpX ,λ, Γ q,

which respects the action filtration in the following sense: For each
L P R there is a map

UL : CH LpX ,λ, Γ q ÝÑ CH LpX ,λ, Γ q.

If L1 ă L2 then UL2
˝ ıL1,L2

“ ıL1,L2
˝ UL1

. The map U is the direct limit
of the maps UL , i.e.

(1.2) ıL ˝ UL “ U ˝ ıL .

(Reeb Orbits): Assume as above that pX ,λq is a non-degenerate Liouville
domain with c1pT X q|π2pX q “ 0. There is an R-filtered chain complex
`

CC˚pX ,λq,B
˘

, freely generated over Q by the good6 Reeb orbits of
λ|BX with the generator corresponding to a Reeb orbit γ having filtration
level equal to the action

ş

γλ and grading equal to the Conley-Zehnder
index of γ, such that for each k P Z and L P R the space CH L

k pX ,λq
is the kth homology of the subcomplex CC L

˚
pX ,λq of CC˚pX ,λq con-

sisting of elements with filtration level at most L, and such that for
L1 ď L2 the image of the map ıL1,L2

: CH L1
k pX ,λq Ñ CH L2

k pX ,λq is iso-

morphic to the image of the inclusion-induced map Hk
`

CC L1
˚ pX ,λq

˘

Ñ

Hk
`

CC L2
˚ pX ,λq

˘

.
Moreover, the boundary operator B on CC˚pX ,λq strictly decreases

filtration, in the sense that if x P CC L
˚
pX ,λq then there is ε ą 0 such

that Bx P CC L´ε
˚
pX ,λq.

(δ map): There is a distinguished map

δ : CHpX ,λ, Γ q ÝÑ H˚pX ,BX ;Qq bH˚pBS1;Qq

which vanishes whenever Γ ‰ 0.

6Recall that a Reeb orbit γ is bad if it is an even degree multiple cover of another Reeb orbit
γ1 such that the Conley-Zehnder indices of γ and γ1 have opposite parity. Otherwise, γ is good.
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(Scaling): If r is a positive real number, then there are canonical isomor-
phisms

CHpX ,λ, Γ q »
ÝÑ CHpX , rλ, Γ q,

CH LpX ,λ, Γ q »
ÝÑ CH r LpX , rλ, Γ q

which commute with all of the above maps.
(Star-Shaped Domains): If X is a nice star-shaped domain in R2n and λ0

is the restriction of the standard Liouville form λ0 “
1
2

řn
i“1px i d yi ´

yi d x iq, then:
(i): CHpX ,λ0q and CH LpX ,λ0q have canonical Z gradings. With re-

spect to this grading, we have

(1.3) CH˚pX ,λ0q »

"

Q, if ˚ P n` 1` 2N,
0, otherwise.

(ii): The map δ sends a generator of CHn´1`2kpX ,λ0q to a generator
of H2npX ,BX ;Qq tensor a generator of H2k´2pBS1;Qq.

(iii): The U map has degree ´2 and is an isomorphism

CH˚pX ,λ0q
»
ÝÑ CH˚´2pX ,λ0q,

except when ˚ “ n` 1.
(iv): If λ0|BX is nondegenerate and has no Reeb orbit γ withA pγq P
pL1, L2s and CZpγq “ n´ 1` 2k, then the map

ıL2,L1
: CH L1

n´1`2kpX ,λ0q Ñ CH L2
n´1`2kpX ,λ0q

is surjective.

Now suppose that pX 1,λ1q is another nondegenerate Liouville domain and
ϕ : pX ,λq Ñ pX 1,λ1q is a generalized Liouville embedding (see Definition 3.5)
with ϕpX q Ă intpX 1q. One can then define a transfer morphism

Φ : CHpX 1,λ1q ÝÑ CHpX ,λq,

see §3.

Proposition 1.7. The transfer morphism Φ has the following properties:

(Action): Φ respects the action filtration in the following sense: For each
L P R there are distinguished maps

ΦL : CH LpX 1,λ1q ÝÑ CH LpX ,λq

such that if L1 ă L2 then

(1.4) ΦL2 ˝ ıL2,L1
“ ıL2,L1

˝ΦL1 ,

and Φ is the direct limit of the maps ΦL , i.e.

(1.5) ıL ˝Φ
L “ Φ ˝ ıL .
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(Functoriality): The transfer map is functorial in the sense that if pX1,λ1q,
pX2,λ2q, and pX3,λ3q are Liouville domains domains and if φ : X1 ãÑ

X2 and ψ : X2 ãÑ X3 are either generalized Liouville embeddings or
isomorphisms of Liouville domains, then the following diagram is com-
mutative:

(1.6) CH LpX3,λ3q
ΦL
ψ //

ΦL
ψ˝φ

66
CH LpX2,λ2q

ΦL
φ // CH LpX1,λ1q.

(Commutativity with U): For each L P R, the diagram

(1.7)

CH LpX 1,λ1q ΦL

ÝÝÝÑ CH LpX ,λq
§

§

đU L

§

§

đU L

CH LpX 1,λ1q ΦL

ÝÝÝÑ CH LpX ,λq
commutes.

(Commutativity with δ): The diagram

(1.8)

CHpX 1,λ1q Φ
ÝÝÝÑ CHpX ,λq

§

§

đ
δ

§

§

đ
δ

H˚pX
1,BX 1;Qq bH˚pBS1;Qq ρb1

ÝÝÝÑ H˚pX ,BX ;Qq bH˚pBS1;Qq

commutes. Here ρ : H˚pX
1,BX 1;Qq Ñ H˚pX ,BX ;Qq denotes the com-

position

H˚pX
1,BX 1;Qq ÝÑ H˚pX

1, X 1zϕpintpX qq;Qq »
ÝÑ H˚pϕpX q,ϕpBX q;Qq “ H˚pX ,BX ;Qq

where the first map is the map on relative homology induced by the
triple pX 1, X 1zϕpintpX qq,BX 1q, and the second map is excision.

We shall see applications of this homology to Conjecture 1.4, creation of sym-
plectic capacities for Liouville domains (those are obstructions for existence of
symplectic embeddings) and lastly, we to a notion of equivalence of symplectic
embeddings and existence of non-equivalent embeddings. But first let’s define
CH and established its properties.

2. DEFINITION OF POSITIVE S1-EQUIVARIANT SYMPLECTIC HOMOLOGY

We will only consider (positive, S1-equivariant) symplectic homology for Li-
ouville domains, even though it can be defined for more general compact sym-
plectic manifolds with contact-type boundary. We restrict to Liouville domains
in order to be able to define transfer morphisms.

Definition 2.1. A Liouville domain is a pair pX ,λqwhere X is a compact manifold
with boundary BX “ Y , λ is a 1-form such that ω :“ dλ is symplectic on X and
the Liouville vector field Z defined by ιpZqω“ λ points strictly outwards along
Y .
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We denote by α the contact 1-form on Y which is the restriction of λ to Y :
α“ λ|Y . We denote by ξ the contact structure on Y defined by α, i.e ξ :“ kerα.
The Reeb vector field Rα is the vector field on Y defined by :

#

ιpRαqdα“ 0
αpRαq “ 1.

The action spectrum of pY,αq is the set of all periods of the Reeb vector field

SpecpY,αq :“ tT P R` | Dγ periodic orbit of Rα of period Tu.

The symplectic completion of pX ,λq is the symplectic manifold defined by

pX :“ X
ď

G

pR`ˆ Y q :“
`

X \ pr´δ,`8qˆ Y q
˘

{„G

with the symplectic form

dpλ :“

#

dλ on X
dpeραq on r´δ,`8qˆ Y

.

The equivalence „G , between a neighbourhood U of Y in X and r´δ, 0sˆ Y , is
defined by the diffeomorphism

G : r´δ, 0s ˆ Y Ñ U : pρ, pq ÞÑ ϕZ
ρppq

where ϕZ is the flow of the Liouville vector field Z . This is always possible since

G‹ω“ eρpdα` dρ^αq “ dpeραq.

Observe indeed that G‹pρ,yq

´

B
Bρ

¯

“ ZGpρ,yq, G‹pρ,yq
`

Ay
˘

“

´

ϕZ
ρ

¯

‹y
Ay . Since

λpZq “ pιpZqωqpZq “ 0, we also have LZλ “ λ and
´

ϕZ
ρ

¯‹

λ “ eρλ. Hence,
@Ay , By P Ty Y :

pG‹ωqpρ,yq

ˆ

B

Bρ
, Ay

˙

“ωϕZ
ρ y

ˆ

ZGpρ,yq,
´

ϕZ
ρ

¯

‹y
Ay

˙

“

´´

ϕZ
ρ

¯‹

ω
¯

y
pZy , Ayq “ eρdλypZy , Ayq “ eρ pLZλqy pAyq

“ eρpdα` dρ^αq
ˆ

B

Bρ
, Ay

˙

pG‹ωqpρ,yq

`

Ay , By
˘

“ωϕZ
ρ y

ˆ

´

ϕZ
ρ

¯

‹y
Ay ,

´

ϕZ
ρ

¯

‹y
By

˙

“

´´

ϕZ
ρ

¯‹

ω
¯

y
pAy , Byq “ eρdλypAy , Byq “ eρdαypAy , Byq

“ eρpdα` dρ^αq
`

Ay , By
˘

.

Remark 2.2. We refer to the wonderful blog from Chris Wendl, [Wen15], as to
why the completion is R` ˆ Y and not Y ˆR`. I also confess that I am using
“wrong” signs in the following for the Hamiltonian vector field...
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2.1. Symplectic homology. Let pX ,λq be a Liouville domain with boundary Y .
Let Rλ denote the Reeb vector field associated to λ on Y . Below, let SpecpY,λq
denote the set of periods of Reeb orbits, and let ε “ 1

2 minSpecpY,λq.
Recall that the completion ppX , pλq of pX ,λq is defined by

pX :“ X Y
`

r0,8qˆ Y
˘

and pλ :“

#

λ on X ,
eρλ|Y on r0,8qˆ Y

where ρ denotes the r0,8q coordinate. Write pω “ dpλ. Consider a 1-periodic
Hamiltonian on pX , i.e. a smooth function

H : S1ˆ pX ÝÑ R

where S1 “ R{Z. Such a function H determines a vector field X θH on pX for
each θ P S1, defined by pωpX θH , ¨q “ dHpθ , ¨q. Let P pHq denote the set of 1-
periodic orbits of XH , i.e. smooth maps γ : S1 Ñ pX satisfying the equation
γ1pθq “ X θH

`

γpθq
˘

.

Definition 2.3. An admissible Hamiltonian is a smooth function H : S1ˆpX Ñ R
satisfying the following conditions:

(1): The restriction of H to S1 ˆ X is negative, autonomous (i.e. S1-
independent), and C2-small (so that there are no non-constant 1-periodic
orbits). Furthermore,

(2.1) H ą´ε

on S1ˆ X .
(2): There exists ρ0 ě 0 such that on S1ˆ rρ0,8qˆ Y we have

(2.2) Hpθ ,ρ, yq “ βeρ ` β 1

with 0 ă β R SpecpY,λq and β 1 P R. The constant β is called the
limiting slope of H.

(3): There exists a small, strictly convex, increasing function h : r1, eρ0s Ñ

R such that on S1ˆr0,ρ0sˆ Y , the function H is C2-close to the func-
tion sending pθ ,ρ, xq ÞÑ hpeρq. The precise sense of “small” and “close”
that we need here is explained in Remarks 2.4 and 2.8.

(4): The Hamiltonian H is nondegenerate, i.e. all 1-periodic orbits of XH
are nondegenerate.

We denote the set of admissible Hamiltonians byHstd.

Remark 2.4. Condition (1) implies that the only 1-periodic orbits of XH in X are
constants; they correspond to critical points of H.

The significance of condition (2) is as follows. On S1 ˆ r0,8q ˆ Y , for a
Hamiltonian of the form H1pθ ,ρ, yq “ h1pe

ρq, we have

X θH1
pρ, yq “ ´h11pe

ρqRλpyq.

Hence for such a Hamitonian H1 with h1 increasing, a 1-periodic orbit of XH1

maps to a level tρu ˆ Y , and the image of its projection to Y is the image of
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a (not necessarily simple) periodic Reeb orbit of period h11pe
ρq. In particular,

condition (2) implies that there is no 1-periodic orbit of XH in rρ0,8qˆ Y .
Condition (3) ensures that for any non-constant 1-periodic orbit γH of XH ,

there exists a (not necessarily simple) periodic Reeb orbit γ of period T ă β such
that the image of γH is close to the image of γ in tρuˆ Y where T “ h1peρq.

Definition 2.5. An S1-family of almost complex structures J : S1 Ñ EndpT pX q is
admissible if it satisfies the following conditions:

‚ Jθ is pω-compatible for each θ P S1.
‚ There exists ρ1 ě 0 such that on rρ1,8qˆY , the almost complex struc-

ture Jθ does not depend on θ , is invariant under translation of ρ, sends
ξ to itself compatibly with dλ, and satisfies

(2.3) Jθ pBρq “ Rλ.

We denote the set of all admissible J by J .

Given J P J , and γ´,γ` PP pHq, let xM pγ´,γ`; Jq denote the set of maps

u : Rˆ S1 ÝÑ pX

satisfying Floer’s equation

(2.4)
Bu
Bs
ps,θq ` Jθ

`

ups,θq
˘

ˆ

Bu
Bθ
ps,θq ´ X θH

`

ups,θq
˘

˙

“ 0

as well as the asymptotic conditions

lim
sÑ˘8

ups, ¨q “ γ˘.

If J is generic and u P xM pγ´,γ`; Jq, then xM pγ´,γ`; Jq is a manifold near u
whose dimension is the Fredholm index of u defined by

indpuq “ CZτpγ`q ´CZτpγ´q.

Here CZτ denotes the Conley-Zehnder index computed using trivializations τ of
γ‹
˘

T pX that extend to a trivialization of u‹T pX . Note thatR acts on xM pγ´,γ`; Jq
by translation of the domain; we denote the quotient byM pγ´,γ`; Jq.

Definition 2.6. Let H P Hstd, and let J P J be generic. Define the Floer chain
complex pC FpH, Jq,Bq as follows. The chain module C FpH, Jq is the free Q-
module7 generated by the set of 1-periodic orbitsP pHq. If γ´,γ` PP pHq, then
the coefficient of γ` in Bγ´ is obtained by counting Fredholm index 1 points
inM pγ´,γ`; Jq with signs determined by a system of coherent orientations as
in [FH93]. (The chain complexes for different choices of coherent orientations
are canonically isomorphic.)

7It is also possible to use Z coefficients here, but we will use Q coefficients in order to later
establish the Reeb Orbits property in Proposition 1.6, which leads to the Reeb Orbits property of
the capacities ck. In special cases when the Conley-Zehnder index of a 1-periodic orbit is unam-
biguously defined, for example when all 1-periodic orbits are contractible and c1pT X q|π2pXq “ 0,
the chain complex is graded by minus the Conley-Zehnder index.
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Let HFpH, Jq denote the homology of the chain complex pC FpH, Jq,Bq. Given
H, the homologies for different choices of generic J are canonically isomorphic
to each other, so we can denote this homology simply by HFpHq.

The construction of the above canonical isomorphisms is a special case of
the following more general construction. Given two admissible Hamiltonians
H1, H2 P Hstd, write H1 ď H2 if H1pθ , xq ď H2pθ , xq for all pθ , xq P S1 ˆ pX .
In this situation, one defines a continuation morphism HFpH1q Ñ HFpH2q as
follows; cf. [Gut17, Thm. 4.5] and the references therein. Choose generic
J1, J2 P J so that the chain complexes C FpHi , Jiq are defined for i “ 1,2.
Choose a generic homotopy tpHs, JsqusPR such that Hs satisfies equation (2.2) for
some β ,β 1 depending on s; Js P J for each s P R; BsHs ě 0; pHs, Jsq “ pH1, J1q

for s ăă 0; and pHs, Jsq “ pH2, J2q for s ąą 0. One then defines a chain
map C FpH1, J1q Ñ C FpH2, J2q as a signed count of Fredholm index 0 maps
u : Rˆ S1 Ñ pX satisfying the equation

(2.5)
Bu
Bs
` Jθs ˝ u

´

Bu
Bθ
´ X θHs

˝ u
¯

“ 0

and the asymptotic conditions limsÑ´8 ups, ¨q “ γ1 and limsÑ8 ups, ¨q “ γ2.
The induced map on homology gives a well-defined map HFpH1q Ñ HFpH2q.
If H2 ď H3, then the continuation map HFpH1q Ñ HFpH3q is the composition
of the continuation maps HFpH1q Ñ HFpH2q and HFpH2q Ñ HFpH3q.

Definition 2.7. We define the symplectic homology of pX ,λq to be the direct limit

SHpX ,λq :“ lim
ÝÑ

HPHadm

HFpHq

with respect to the partial order ď and continuation maps defined above.

Direct limits. Let Ai , i P I be abelian groups and let for all pair i, j P I , ϕi, j
be the homomorphism ϕi, j : Ai Ñ A j such that ϕi,i “ Id and for all triple
i ď j ď k, ϕi, k “ ϕ j,k ˝ ϕi, j . The set tAi ,ϕi, ju is called a directed system of
groups. The direct limit, limÑ Ai , of a directed system is the unique group L,
up to isomorphism having the following universal property: There exists maps
ϕi : Ai Ñ L such that for all i ă j, ϕi “ ϕ j ˝ ϕi, j and if C is an abelian group
together with maps τi : Ai Ñ C such that τi “ τ j ˝ϕi, j for all i ă j, then there
exist a unique homomorphism τ : L Ñ C such that τi “ τ ˝ϕi for all i.

2.2. Positive symplectic homology. Positive symplectic homology is a modifi-
cation of symplectic homology in which constant 1-periodic orbits are discarded.

To explain this, let H : S1ˆpX Ñ R be a Hamiltonian inHstd. The Hamiltonian
action functionalAH : C8pS1, pX q Ñ R is defined by

AHpγq :“´
ż

S1
γ‹pλ´

ż

S1
H
`

θ ,γpθq
˘

dθ .

If J P J , then the differential on the chain complex pC FpH, Jq,Bq decreases
the Hamiltonian action AH . As a result, for any L P R, we have a subcomplex
C FďLpH, Jq of C FpH, Jq, generated by the 1-periodic orbits with Hamiltonian
action less than or equal to L.
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To see what this subcomplex can look like, note that the 1-periodic orbits
of H P Hstd fall into two classes: (i) constant orbits corresponding to critical
points in X , and (ii) non-constant orbits contained in r0,ρ0s ˆ Y .

If x is a critical point of H on X , then the action of the corresponding constant
orbit is equal to ´Hpxq. By (2.1), this is less than ε.

By Remark 2.4, a non-constant 1-periodic orbit of XH is close to a 1-periodic
orbit of ´h1peρqRλ located in tρu ˆ Y for ρ P r0,ρ0s with h1peρq P SpecpY,λq.
The Hamiltonian action of the latter loop is given by

(2.6) ´

ż

S1
eρλp´h1peρqRλqdθ ´

ż

S1
hpeρqdθ “ eρh1peρq ´ hpeρq.

Since h is strictly convex, the right hand side is a strictly increasing function of
ρ.

Remark 2.8. In Definition 2.3, we assume that h is sufficiently small so that the
right hand side of (2.6) is close to the period h1peρq, and in particular greater
than ε. We also assume that H is sufficiently close to hpeρq on S1ˆ r0,ρ0s ˆ Y
so that the Hamiltonian actions of the 1-periodic orbits are well approximated
by the right hand side of (2.6), so that:

(i): The Hamiltonian action of every 1-periodic orbit of XH corresponding
to a critical point on X is less than ε; and the Hamiltonian action of
every other 1-periodic orbit is greater than ε.

(ii): If γ is a Reeb orbit of period T ă β , and if γ1 is a 1-periodic orbit of
XH in r0,ρ0s ˆ Y associated to γ, then

|AHpγ
1q ´ T | ămin

 

β´1, 1
3 gappβq

(

.

Here gappβq denotes the minimum difference between two elements of
SpecpY,λq that are less than β .

We can now define positive symplectic homology.

Definition 2.9. Let pX ,λq be a Liouville domain, let H be a Hamiltonian inHstd,
and let J P J .

Consider the quotient complex

C F`pH, Jq :“
C FpH, Jq

C FďεpH, Jq
.

The homology of the quotient complex is independent of J , so we can denote
this homology by HF`pHq. More generally, if H1 ď H2, then the chain map used
to define the continuation map HFpH1q Ñ HFpH2q descends to the quotient,
since the Hamiltonian action is nonincreasing along a solution of (2.5) when
the homotopy is nondecreasing. Thus we obtain a well-defined continuation
map HF`pH1q Ñ HF`pH2q satisfying the same properties as before.

We now define the positive symplectic homology of pX ,λq to be the direct limit

SH`pX ,λq :“ lim
ÝÑ

HPHstd

HF`pHq.
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Positive symplectic homology can sometimes be better understood using cer-
tain special admissible Hamiltonians obtained as follows.

Definition 2.10. [BO09] Let pX ,λq be a Liouville domain. An admissible Morse-
Bott Hamiltonian is an autonomous Hamiltonian H : pX Ñ R such that:

(1): The restriction of H to X is a Morse function which is negative and
C2-small (so that the Hamiltonian vector field has no non-constant 1-
periodic orbits).

(2): There exists ρ0 ě 0 such that on rρ0,8qˆ Y we have

Hpρ, xq “ βeρ ` β 1

with 0ă β R SpecpY,λq and β 1 P R.
(3): On r0,ρ0q ˆ Y we have

Hpρ, xq “ hpeρq

where h is as in Definition 2.3, and moreover h2´ h1 ą 0.
We denote the set of admissible Morse-Bott Hamiltonians byHMB.

Given H P HMB, each 1-periodic orbit of XH is either: (i) a constant orbit
corresponding to a critical point of H in X , or (ii) a non-constant 1-periodic
orbit, with image in tρu ˆ Y for ρ P p0,ρ0q, whose projection to Y has the
same image as a Reeb orbit of period eρh1pρq. Since H is autonomous, every
Reeb orbit γ with period less than β gives rise to an S1 family of 1-periodic
orbits of XH , which we denote by Sγ.

An admissible Morse-Bott Hamiltonian as in Definition 2.10 can be deformed
into an admissible Hamiltonian as in Definition 2.3, which will be time-dependent
and have nondegenerate 1-periodic orbits:

Lemma 2.11. ([CFHW96, Prop. 2.2] and [BO09, Lem. 3.4]) An admissible
Morse-Bott Hamiltonian H can be perturbed to an admissible Hamiltonian H 1

whose 1-periodic orbits consist of the following:
(i): Constant orbits at the critical points of H.
(ii): For each Reeb orbit γ with period less than β , two nondegenerate

orbits pγ and qγ. Given a trivialization τ of ξ|γ, their Conley-Zehnder
indices are given by ´CZτppγq “ CZτpγq ` 1 and ´CZτpqγq “ CZτpγq.

Remark 2.12. The references [CFHW96] and [BO09] use the notation γmin in-
stead of pγ, and γMax instead of qγ. The motivation is that these orbits are dis-
tinguished in their S1-family as critical points of a perfect Morse function on
S1.

2.3. S1-equivariant symplectic homology. Let pX ,λq be a Liouville domain
with boundary Y . We now review how to define the S1-equivariant symplec-
tic homology SHS1

pX ,λq, and the positive S1-equivariant symplectic homology
SHS1,`pX ,λq.

The S1-equivariant symplectic homology SHS1
pX ,λq is defined as a limit as

N Ñ 8 of homologies SHS1,N pX ,λq, where N is a nonnegative integer. To
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define the latter, fix the perfect Morse function fN : CPN Ñ R defined by

fN
`

rw0 : . . . : wns
˘

“

řN
j“0 j|w j|2

řN
j“0 |w

j|2
.

Let rfN : S2N`1 Ñ R denote the pullback of fN to S2N`1. We will consider
gradient flow lines of ĂfN and fN with respect to the standard metric on S2N`1

and the metric that this induces on CPN .

Remark 2.13. The family of functions fN has the following two properties which
are needed below. We have two isometric inclusions i0, i1 : CPN Ñ CPN`1

defined by i0prz0 : . . . : zN sq “ rz0 : . . . : zN : 0s and i1prz0 : . . . : zN sq “ r0 : z0 :
. . . : zN s. Then:

(1): The images of i0 and i1 are invariant under the gradient flow of fN`1.
(2): We have fN “ fN`1 ˝ i0 “ fN`1 ˝ i1 ` constant, so that the gradient

flow of fN`1 pulls back via i0 or i1 to the gradient flow of fN .

Now choose a “parametrized Hamiltonian”

(2.7) H : S1ˆ pX ˆ S2N`1 ÝÑ R

which is S1-invariant in the sense that

Hpθ `ϕ, x ,ϕzq “ Hpθ , x , zq @θ ,ϕ P S1 “ R{Z, x P pX , z P S2N`1.

Here the action of S1 “ R{Z on S2N`1 Ă CN`1 is defined by ϕ ¨ z “ e2πiϕz.

Definition 2.14. A parametrized Hamiltonian H as above is admissible if:
(i): For each z P S2N`1, the Hamiltonian

Hz “ Hp¨, ¨, zq : S1ˆ pX ÝÑ R

satisfies conditions (1), (2), and (3) in Definition 2.3, with β and β 1

independent of z.
(ii): If z is a critical point of rfN , then the 1-periodic orbits of Hz are non-

degenerate.
(iii): H is nondecreasing along downward gradient flow lines of rfN .

Let P S1
p f̃N , Hq denote the set of pairs pz,γq, where z P S2N`1 is a critical

point of f̃N , and γ is a 1-periodic orbit of the Hamitonian Hz . Note that S1 acts
freely on the set P S1

p f̃N , Hq by

ϕ ¨ pz,γq “
`

ϕ ¨ z,γp¨ ´ϕq
˘

.

If p “ pz,γq PP S1
p f̃N , Hq, let Sp denote the orbit of pz,γq under this S1 action.

Next, choose a generic map

(2.8) J : S1ˆ S2N`1 Ñ J , pθ , zq ÞÑ Jθz ,

which is S1-invariant in the sense that

Jθ`ϕϕ¨z “ Jθz
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for all ϕ,θ P S1 and z P S2N`1.
Let p´ “ pz´,γ´q and p` “ pz`,γ`q be distinct elements of P S1

p f̃N , Hq.
Define xM pSp´ , Sp`; Jq to be the set of pairs pη, uq, where η : RÑ S2N`1 and
u : Rˆ S1 Ñ pX , satisfying the following equations:

(2.9)

$

’

’

’

&

’

’

’

%

9η` ~∇ f̃N pηq “ 0,

Bsu` Jθ
ηpsq ˝ u

`

Bθu´ XHθ
ηpsq
˝ u

˘

“ 0,

lim
sÑ˘8

`

ηpsq, ups, ¨q
˘

P Sp˘ .

Here the middle equation is a modification of Floer’s equation (2.4) which is
“parametrized byη”. Note thatR acts on the set xM pSp´ , Sp`; Jq by reparametriza-
tion: if σ P R, then

σ ¨ pη, uq “
`

ηp¨ ´σq, up¨ ´σ, ¨q
˘

.

In addition, S1 acts on the set xM pSp´ , Sp`; Jq as follows: if τ P S1, then

τ ¨ pη, uq :“
`

τ ¨η, up¨, ¨ ´τq
˘

.

Let M S1
pSp´ , Sp`; Jq denote the quotient of the set xM pSp´ , Sp`; Jq by these

actions of R and S1.
If J is generic, thenM S1

pSp´ , Sp`; Jq is a manifold near pη, uq of dimension

indpη, uq “ pindp fN , z´q ´CZτpγ
´qq ´ pindp fN , z`q ´CZτpγ

`qq ´ 1.

Here indp fN , z˘q denotes the Morse index of the critical point z˘ of fN , and CZτ
denotes the Conley-Zehnder index with respect to a trivialization τ of pγ˘q‹T pX
that extends over u‹T pX .

Definition 2.15. [BO16, §2.2] Define a chain complex
´

C FS1,N pH, Jq,BS1
¯

as

follows. The chain module C FS1,N pH, Jq is the freeQmodule8 generated by the
orbits Sp. If Sp´ , Sp` are two such orbits, then the coefficient of Sp` in BS1

Sp´

is a signed count of elements pη, uq ofM S1
pSp´ , Sp`; Jq with indpη, uq “ 1.

We denote the homology of this chain complex by HFS1,N pHq. This does
not depend on the choice of J , by the usual continuation argument; one defines
continuation chain maps using a modification of (2.9) in which the second line is
replaced by an “η-parametrized” version of Floer’s continuation equation (2.5).

We now define a partial order on the set of pairs pN , Hq, where N is a non-
negative integer and H is an admissible parametrized Hamiltonian (2.7), as
follows. Let ri0 : S2N`1 Ñ S2N`3 denote the inclusion sending z ÞÑ pz, 0q. (This
lifts the inclusion i0 defined in Remark 2.13.) Then pN1, H1q ď pN2, H2q if and
only if:

‚ N1 ď N2, and
‚ H1 ď p

ri0
‹
qN2´N1 H2 pointwise on S1ˆ pX ˆ S2N1`1.

8It is also possible to define SHS1 ,`, using Z coefficients, as with SH.



16 JEAN GUTT

In this case we can define a continuation map HFS1,N1pH1q Ñ HFS1,N2pH2q using
an increasing homotopy from H1 to pri0

‹
qN2´N1 H2 on S1ˆ pX ˆ S2N1`1.

Definition 2.16. Define the S1-equivariant symplectic homology

SHS1

˚
pX ,λq :“ lim

ÝÑ
N ,H

HFS1,N
˚

pHq.

It is sometimes useful to describe S1-equivariant symplectic homology in
terms of individual Hamiltonians on S1ˆ pX , rather than S2N`1-families of them,
by the following procedure.

Remark 2.17. [Gut14, §2.1.1] Fix an admissible Hamiltonian H 1 : S1 ˆ pX Ñ R
and a nonnegative integer N . Consider a sequence of admissible parametrized
Hamiltonians tHkuk“0,...,N as in (2.7), where Hk is defined on S1 ˆ pX ˆ S2k`1,
with the following properties:

‚ For each k “ 0, . . . , N ´1, the pullbacks ri‹0 Hk`1 and ri‹1 Hk`1 agree with
Hk up to a constant. Here ri1 : S2k`1 Ñ S2k`3 denotes the lift of i1
sending z ÞÑ p0, zq.

‚ For each k “ 0, . . . , N and each z P Critp f̃kq, we have

(2.10) Hkpθ , x , zq “ H 1
`

θ ´φpzq, x
˘

` c.

Here c is a constant depending on k and z; and the map φ : Critp f̃kq Ñ

S1 sends a critical point p0, . . . , 0, e2πiψ, 0, . . . , 0q ÞÑψ.
Next, choose a sequence of families of almost complex structures Jk : S1 ˆ

S2k`1 Ñ J ppX q for k “ 0, . . . , N such that:

‚ Jk is generic so that the chain complex
´

C FS1,kpHk, Jkq,B
S1
¯

is defined.

‚ ri‹0 Jk`1 “
ri‹1 Jk`1 “ Jk.

The chain complex
´

C FS1,N pHN , JN q,B
S1
¯

can now be described as follows.
By (2.10), we can identify the chain module as

(2.11) C FS1,N pHN , JN q “Qt1, u, . . . , uNubQ C FpH 1, J0q.

This identification sends a pair pz,γq, where z P CritprfN q is a lift of an index 2k
critical point of fN and γ is a reparametrization of a 1-periodic orbit γ1 of H 1, to
uk b γ1.

Since the sequences tHku and tJku respect the inclusions ri1, the differential
has the form

(2.12) BS1
puk b γq “

k
ÿ

i“0

uk´i bϕipγq

where the operator ϕi on C FpH 1, J0q does not depend on k. In particular, ϕ0 is
the differential on C FpH 1, J0q. We can also formally write

BS1
“

N
ÿ

i“0

u´i bϕi
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where it is understood that u´i annihilates terms of the form u j b γ with i ą j.
The usual continuation arguments show that the homology of this chain com-

plex does not depend on the choice of sequences tHku and tJku satisfying the
above assumptions. We denote this homology by HFS1,N pH 1q.

Since in the above construction we assume that the sequences tHku and tJku

respect the inclusions ri0, it follows that when N1 ď N2 we have a well-defined
map HFS1,N1pH 1q Ñ HFS1,N2pH 1q induced by inclusion of chain complexes.

As before, if H 11 ď H 12, then there is a continuation map HFS1,N pH 11q Ñ
HFS1,N pH 12q satisfying the usual properties.

As in [BO16, §2.3], we now have:

Proposition 2.18. The S1-equivariant homology of pX ,λq is given by

SHS1

˚
pX ,λq “ lim

ÝÑ
NPN, H1PHstd

HFS1,N pH 1q.

2.4. Positive S1-equivariant symplectic homology. Like symplectic homol-
ogy, S1-equivariant symplectic homology also has a positive version in which
constant 1-periodic orbits are discarded.

Definition 2.19. Let H : S1 ˆ pX ˆ S2N`1 Ñ R be an admissible parametrized
Hamiltonian. The parametrized action functionalAH : C8pS1, pX qˆS2N`1 ÝÑ R
is defined by

(2.13) AHpz,γq :“´
ż

γ

pλ´

ż

S1
H
`

θ ,γpθq, z
˘

dθ .

Lemma 2.20. If H is an admissible parametrized Hamiltonian, and if J is a
generic S1-invariant family of almost complex structures as in (2.8), then the
differential BS1

on C FS1,N pH, Jq does not increase the parametrized action (2.13).

Proof. Given a solution pη, uq to the equations (2.9), one can think of η as fixed
and regard u as a solution to an instance of equation (2.5), where Js and Hs in
(2.5) are determined by η. By condition (iii) in Definition 2.14, this instance
of (2.5) corresponds to a nondecreasing homotopy of Hamiltonians. Conse-
quently, the action is nonincreasing along this solution of (2.5) as before. �

It follows from Lemma 2.20 that for any L P R, we have a subcomplex
C FS1,N ,ďLpH, Jq of C FS1,N pH, Jq, spanned by S1-orbits of pairs pz,γq where
z P Critp f̃N q and γ is a 1-periodic orbit of Hz withAHpz,γq ď L.

As in §2.2, if the S1-orbit of pz,γq is a generator of C FS1,N pH, Jq, then there
are two possibilities: (i) γ is a constant orbit corresponding to a critical point
of Hz on X , andAHpz,γq ă ε; or (ii) γ is close to a Reeb orbit in tρuˆ Y with
period ´h1peρq, andAHpz,γq is close to this period; in particularAHpz,γq ą ε.

Definition 2.21. Consider the quotient complex

(2.14) C FS1,N ,`pH, Jq :“
C FS1,N pH, Jq

C FS1,N ,ďεpH, Jq
.
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As in Definition 2.9, the homology of the quotient complex is independent of
J , so we can denote this homology by HFS1,N ,`pHq; and we have continua-
tion maps HFS1,N1,`pH1q Ñ HFS1,N2,`pH2q when pN1, H1q ď pN2, H2q. We now
define the positive S1-equivariant symplectic homology by

(2.15) SHS1,`pX ,λq :“ lim
ÝÑ
N ,H

HFS1,N ,`pHq.

Returning to the situation of Remark 2.17, define HFS1,N ,`pH 1q to be the ho-
mology of the quotient of the chain complex (2.11) by the subcomplex spanned
by uk b γ where γ is a critical point of H 1 in X . We then have the following
analogue of Proposition 2.18:

Proposition 2.22. The positive S1-equivariant homology of pX ,λq is given by

SHS1,`pX ,λq “ lim
ÝÑ

NPN, H1PHstd

HFS1,N ,`pH 1q.

2.5. Example: the ball B2n.

2.5.1. SHpB2nq. We consider the ball B2n with the symplectic form which is
the restriction of the standard symplectic 2-form ωstd “

i
2 dz ^ dz̄ “ dλstd on

Cn and with the Liouville radial vector field defined by X rad “
1
2pzBz ` z̄Bz̄q.

The completion is given by yB2n “ Cn with the standard symplectic form ωstd “
i
2 dz^ dz̄. We look at Hamiltonians

HC : Cn Ñ R : z ÞÑ C }z}2

such that C
π R Z. These Hamiltonians are not in Hstd but form an admissible

cofinite family; see for instance [Oan04, Oan08]. For each C , the Hamiltonian
vector field is

XHC
“´2iCpzBz ´ z̄Bz̄q.

The integral trajectories are of the form zptq “ e´2iC tz0; therefore, the only
1-periodic orbit of XH is the critical point z “ 0. The Floer chain groups are
thus

C F˚pHC , Jq “

#

Q if ˚ “ ´CZp0q
0 otherwise

and, since the differential is 0, the homology groups are the same as the chain
groups.

The Conley-Zehnder index of the constant orbit at z “ 0 depends on C and
is given by

´CZp0q “ 2n
Z

C
π

^

` n.

Let Ck :“ kπ ` ε where k P Ně0 and ε ą 0. The continuation maps ϕk :
C F˚pHCk

, Jkq Ñ C F˚pHCk`1
, Jk`1q are all identically zero, thus the symplectic

homology is also 0

SH˚pB
2n,λstdq “ lim

ÝÑ
k

HF˚pHCk
, Jkq “ 0.
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2.5.2. SH`pB2nq. We use the long exact sequence :

H˚`npB
2n,BB2nq // SH˚pB

2n,λstdq

vv
SH`

˚
pB2n,λstdq

r´1s

hh

and the fact that SH˚pB
2nq “ 0 to deduce that

SH`
˚
pB2n,λstdq – H˚`n´1pB

2n, S2n´1q.

To compute the relative homology H˚pB
2n, S2n´1q, we use the exact sequence

H˚pS
2n´1q // H˚pB

2nq

ww
H˚pB

2n, S2n´1q

r´1s

gg
.

Thus we have

H˚pB
2n, S2n´1q “

#

Q if ˚ “ 2n
0 otherwise

and this implies

SH`
˚
pB2n,λstdq “

#

Q if ˚ “ n` 1,
0 otherwise.

In particular the positive symplectic homology of the ball has only one generator.
This shows that this homological invariant cannot detect all distinct periodic
Reeb orbits on the sphere (with a non-degenerate contact form).

2.5.3. SHS1
pB2nq. The idea is the same as in §2.5.1. We take a Hamiltonian

HC : Cnˆ S2N`1 Ñ R : pz, pq ÞÑ C }z}2` f̃ ppq

where f̃ is the S1-invariant lift of a perfect Morse function on CPn´1. The
critical points of AH are pp0, 0q, . . . , ppN´1, 0q where tpi | i “ 0 . . . N ´ 1u “
C ri tp f̃ q. The index of ppi , 0q is

´ indp0, piq ` N “ 2n
Z

C
π

^

` n` 2i.

Therefore

C FS1,N
˚

pHC , Jq “

#

Q if ˚ “ 2n
XC
π

\

` n` 2i, i P t0, . . . N ´ 1u
0 otherwise

and, the differential is 0 since the complex is lacunary, thus HFS1,N
˚

pHC , Jq »
C FS1,N
˚

pHCq. If we let Ck “ kπp1` 2Nq ` ε for ε ą 0, the continuation maps
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ϕk : C FS1,N
˚

pHCk
, Jkq Ñ C FS1,N

˚
pHCk`1

, Jk`1q are identically 0 and thus

SHS1,N
˚

pB2n,λstdq “ lim
ÝÑ
N

lim
ÝÑ

k
HFS1,N

˚
pHCk

, Jkq “ 0.

2.5.4. SHS1,`pB2nq. The short exact sequence

0Ñ C FS1,N ,ďεpH, Jq Ñ C FS1,N pH, Jq Ñ C FS1,N ,`pH, Jq Ñ 0

induces a long exact sequence in homology

(2.16) HS1

˚`npB
2n,BB2nq // SHS1

˚
pB2n,λstdq

vv

SHS1,`
˚

pB2n,λstdq

r´1s

hh
.

The fact that SHS1,N
˚

pB2n,λstdq “ 0 implies

SHS1,`
˚

pB2n,λstdq – HS1

˚`n´1pB
2n, S2n´1q.

The S1-action on the pair pB2n, S2n´1q is trivial ; therefore

HS1

˚
pB2n, S2n´1q “ H˚pB

2n, S2n´1q bH˚pBS1q.

We have as in 2.5.2 that

H˚pB
2n, S2n´1q “

#

Q if ˚ “ 2n
0 otherwise.

Thus,

SHS1,`
˚

pB2n,λstdq “

#

Q if ˚ “ n` 1` 2i, i P N,
0 otherwise.

3. DEFINITION OF TRANSFER MORPHISMS

Let pV,λV q and pW,λW q be Liouville domains. Let ϕ : V Ñ W be a Liou-
ville embedding, i.e. a smooth embedding such that ϕ‹λW “ λV . Assume that
ϕpV q Ă intpW q. In this situation one can define a “transfer morphism”

(3.1) φ
pS1,`q
V,W : SHpS

1,`qpW,λW q ÝÑ SHpS
1,`qpV,λV q.

Here the superscript ‘pS1,`q’ means that the superscripts ‘S1’ and ‘`’ are op-
tional (but the same in all three places).

A transfer morphism for symplectic homology was defined by Viterbo [Vit99],
and extended by the author in his PhD thesis [Gut17] for (positive) equivari-
ant symplectic homology. We now review what we need to know about the
definition of the transfer morphisms (3.1), and then explain how to extend the
construction to generalized Liouville embeddings as in Definition 3.5.
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3.1. Transfer morphisms for (positive) symplectic homology. To construct
transfer morphisms, we introduce a special class HstairpV, W q of Hamiltonians
on S1ˆ pW called “admissible stair Hamiltonians”. The transfer morphism is de-
fined as a direct limit of continuation morphisms between an admissible Hamil-
tonian H1 PHstdpW q and an admissible stair Hamiltonian H2 PHstairpV, W q.

Below, identify V with its image under the Liouville embedding ϕ. Given
δ ą 0 small, there is a unique neighbourhood U of BV in Wz intpV q, together
with a symplectomorphism

pU ,ωW q »
`

r0,δs ˆ BV, dpeρλV q
˘

,

such that the Liouville vector field for λW on the left hand side corresponds to
Bρ on the right hand side. Here ρ denotes the r0,δs coordinate.

Definition 3.1. A Hamiltonian H2 : S1ˆ pW Ñ R is inHstairpV, W q if and only if
(1): The restriction of H2 to S1 ˆ V is negative, autonomous (i.e. S1-

independent), and C2-small (so that there are no non-constant 1-periodic
orbits). Furthermore,

(3.2) H ą´ε

on S1ˆ V , where ε “ 1
2 min

 

SpecpBV,λV q Y SpecpBW,λW q
(

.
(2): On S1ˆU – S1ˆr0,δsˆBV , with ρ denoting the r0,δs coordinate,

we have:
‚ There exists 0ă ρ0 ă

δ
4 such that for ρ0 ď ρ ď δ´ρ0 we have

(3.3) H2pθ ,ρ, yq “ βeρ ` β 1,

where y P BV , 0ă β R SpecpBV,λV q Y SpecpBW,λW q and β 1 P R.
‚ There exists a strictly convex increasing function h1 : r1, eρ0s Ñ

R such that on S1 ˆ r0,ρ0s ˆ BV , the function H2 is C2-close to
the function sending pθ ,ρ, yq ÞÑ h1pe

ρq. Here and in the rest
of this definition, the meanings of “close” and “small” are as in
Remarks 2.4 and 2.8.

‚ There exists a small, strictly concave, increasing function h2 : reδ´ρ0 , eδs Ñ
R such that on S1ˆ rδ´ρ0,δs ˆ BV , the function H2 is C2-close
to the function sending pθ ,ρ, yq ÞÑ h2pe

ρq.
(3): On S1ˆWzpV Y Uq, the function H2 is C2-close to a constant.
(4): On S1 ˆ r0,`8qˆ BW , with ρ1 denoting the r0,8q coordinate, we

have:
‚ There exists ρ11 ą 0 such that for ρ1 ě ρ11 we have

H2pθ ,ρ1, pq “ µeρ
1

`µ1,

with 0 ă µ R SpecpBV,λV q Y SpecpBW,λW q, µ ă
βpeδ´1q

eδ , and
µ1 P R.

‚ There exists a strictly convex, increasing function h3 : r1, eρ
1
1s Ñ R

such that h3´h3p1q is small, and on S1ˆr0,ρ11sˆBW , the function
H2 is C2-close to the function sending pθ ,ρ1, pq ÞÑ h3pe

ρ1q.
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H2

W U V
I

I I

I I I
IV

V

FIGURE 1. [Gut17]Graph of an admissible stair Hamiltonian H2
on S1ˆ pW

(5): The Hamiltonian H2 is nondegenerate, i.e. all 1-periodic orbits of XH2

are nondegenerate.
We denote the set of admissible stair Hamiltonians byHstairpV, W q.

The graph of an admissible stair Hamiltonian H2 is shown schematically in
Figure 1.

The 1-periodic orbits of H2 lie either in the interior of V (which we call region
I), in r0,ρ0s ˆ BV (region II), in rδ ´ ρ0,δs ˆ BV (region III), in WzpV Y Uq
(region IV), or in r0,ρ11s ˆ BW (region V).

I The 1-periodic orbits in region I correspond to critical points of H2 on
V .

II In region II, the 1-periodic orbits are associated to Reeb orbits of λV on
BV as in Remark 2.8.

III In region III, the 1-periodic orbits are likewise associated to Reeb orbits
of λV on BV .

IV The 1-periodic orbits in region IV correspond to critical points H2 on
WzpV Y Uq.

V In region V, the 1-periodic orbits are associated to Reeb orbits of λW on
BW .

The Hamiltonian actions of the 1-periodic orbits are ordered as follows:

A pIV q ăA pV q ă 0ăA pIq ăA pI Iq.

This means that every 1-periodic orbit in region IV has Hamiltonian action less
than every 1-periodic orbit in region V, and so forth.

We now consider the Floer chain complex C FpH2, J2qwhere J2 : S1 Ñ EndpT pW q
is an S1-family of almost complex structures on pW . As in Definition 2.5, we as-
sume that Jθ2 is pωW -compatible for each θ P S1, and that

Jθ2 pBρ1q “ RλW

on rρ11,8qˆBW . This is enough to give a well-defined chain complex C FpH2, J2q,
cf. [Oan03, §1.2.3]. We also assume that

(3.4) Jθ2 pBρq “ RλV
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on rρ0,δ´ρ0s ˆ BV .
Let C I ,I I I ,IV,V pH2, J2q denote the subcomplex of C FpH2, J2q generated by 1-

periodic orbits lying in regions I, III, IV, and V. Let C I I I ,IV,V pH2, J2q denote the
subcomplex of C FpH2, J2q generated by 1-periodic orbits lying in regions III, IV
and V. These are subcomplexes because the action decreases along Floer trajec-
tories, and [CO, Lem. 2.3] shows that there does not exist any Floer trajectory
from region I I I to region I or I I . We then have quotient chain complexes

C I ,I IpH2, J2q “ C I ,I I ,I I I ,IV,V pH2, J2q{C I I I ,IV,V pH2, J2q

C I IpH2, J2q “ C I ,I I ,I I I ,IV,V pH2, J2q{C I ,I I I ,IV,V pH2, J2q
.

Given H2 and J2 as above, let HV
2 P HstdpV q denote the admissible Hamil-

tonian for V which agrees with H2 on V Ypr0,δ´ρ0sˆBV q, and which agrees
with the right hand side of (3.3) on rρ0,8q ˆ BV . Let JV

2 denote the admis-
sible S1-family of almost complex structures on pV which agrees with J2 on
V Y pr0,δ ´ ρ0s ˆ BV q, and which satisfies (3.4) on rρ0,8q ˆ BV . Observe
that we have canonical identifications of chain modules

C I ,I IpH2, J2q “ C F
`

HV
2 , JV

2

˘

,

C I IpH2, J2q “ C F`
`

HV
2 , JV

2

˘

,
(3.5)

because the generators on both sides correspond to the same 1-periodic orbits
in V Y pr0,δ´ρ0s ˆ BV q.

Proposition 3.2. [Gut17, Proposition 4.4] The canonical identifications (3.5)
induce isomorphisms on homology

H
`

C I ,I IpH2, J2q,B
˘

“ HF
`

HV
2 , JV

2

˘

,

H
`

C I IpH2, J2q,B
˘

“ HF`
`

HV
2 , JV

2

˘

.

Given H2 and J2 as above, suppose that H1 P HstdpW q satisfies H1 ď H2
pointwise. Let J1 be an admissible S1-family of almost complex structures on
pW . We then have a well-defined continuation map

(3.6) HFpH1, J1q ÝÑ HFpH2, J2q

defined as in (2.5).

Definition 3.3. We define the transfer morphism on Floer homology to be the
composition

φHV
2 ,H1

: HFpH1, J1q ÝÑ HFpH2, J2q ÝÑ H
`

C I ,I IpH2, J2q
˘

“ HFpHV
2 , JV

2 q.

Here the first arrow is the continuation map (3.6), the second map is induced by
projection onto the quotient chain complex, and the equality sign on the right
is the canonical isomorphism from Proposition 3.2. Concretely, this map counts
solutions of equation (2.5) going from a 1-periodic orbit of XH1

to a 1-periodic
orbit of XH2

lying in region I or I I .
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Since the continuation map decreases action, it follows that in the above
composition, we can start with the homology of the quotient by C FďεpH1, J1q,
to obtain a transfer map on positive Floer homology,

φ`
HV

2 ,H1
: HF`pH1, J1q ÝÑ H

ˆ

C FpH2, J2q

C FďεpH2, J2q

˙

ÝÑ H
`

C I IpH2, J2q
˘

“ HF`pHV
2 , JV

2 q.

The above transfer maps φHV
2 ,H1

and φ`
HV

2 ,H1
depend only on H1 and HV

2 , and

more generally commute with continuation maps for increasing H1 and HV
2 ;

see [Gut17, Prop. 4.7]. Consequently, we can define a transfer morphism on
(positive) symplectic homology by taking direct limits:

φV,W “ lim
ÝÑ

H1,HV
2

φHV
2 ,H1

: SHpW,λW q ÝÑ SHpV,λV q,

φ`V,W “ lim
ÝÑ

H1,HV
2

φ`
HV

2 ,H1
: SH`pW,λW q ÝÑ SH`pV,λV q.

3.2. Transfer morphisms for (positive) S1-equivariant symplectic homol-
ogy. Recall that to define (positive) S1-equivariant symplectic homology, we
modify the definition of (positive) symplectic homology, by replacing the no-
tion of admissible Hamiltonians H : S1ˆ pX Ñ R in Definition 2.3 by the notion
of admissibile parametrized Hamiltonians H : S1ˆ pXˆS2N`1 in Definition 2.14.
In an analogous way, one can modify the definition of admissible stair Hamil-
tonians H2 : S1 ˆ pW Ñ R in Definition 3.1, to define a notion of “admissible
parametrized stair Hamiltonians” H2 : S1ˆ pWˆS2N`1 Ñ R. We can then repeat
the constructions in §3.1 to obtain transfer maps

φS1

HV
2 ,H1

: HFS1,N pH1q ÝÑ HFS1,N pHV
2 q,

φ
S1,`
HV

2 ,H1
: HFS1,N ,`pH1q ÝÑ HFS1,N ,`pHV

2 q.(3.7)

We can then take the direct limit over H1, HV
2 , and N to define transfer mor-

phisms

φS1

V,W : SHS1
pW,λW q ÝÑ SHS1

pV,λV q,

φ
S1,`
V,W : SHS1,`pW,λW q ÝÑ SHS1,`pV,λV q.

Remark 3.4. One can also describe the transfer morphism (3.7) for fixed N
in the context of Remark 2.17 and Proposition 2.22. Here one starts with an
admissible stair Hamiltonian H 12 : S1ˆ pW Ñ R and an admissible Hamiltonian

H 11 : S1 ˆ pV Ñ R with H 11 ď pH
1
2q

V . Recall that the homology HFS1,N ,`pH 11q
appearing in Proposition 2.22 is the homology of a chain complex generated by
symbols ukb γ, where k P t0, . . . , Nu and γ is a nonconstant 1-periodic orbit of
XH11

. The differential has the form

BS1

1 pu
k b γq “

k
ÿ

i“0

uk´i bϕ1,ipγq.
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Likewise, the homology HFS1,N ,`ppH 12q
V q is the homology of a chain complex

generated by symbols uk b γ, where k P t0, . . . , Nu and γ is a nonconstant 1-
periodic orbit of XpH12qV . The differential has the form

BS1

2 pu
k b γq “

k
ÿ

i“0

uk´i bϕ2,ipγq.

We now construct the transfer map (3.7) using continuation maps for homo-
topies which respect the inclusions rı0 and rı1 as in Remark 2.17. This transfer
map will then be induced by a chain map having the form

(3.8) ψpuk b γq “

k
ÿ

i“0

uk´i bψipγq.

3.3. Transfer morphisms for generalized Liouville embeddings. We now ex-
tend the definition of transfer morphisms for a generalized Liouville embedding
ϕ : pV,λV q Ñ pW,λW q with ϕpV q Ă intpW q.

Definition 3.5. Let pX ,λq and pX 1,λ1q be Liouville domains of the same dimen-
sion. A generalized Liouville embedding pX ,λq Ñ pX 1,λ1q is a symplectic embed-
ding ϕ : pX , dλq Ñ pX 1, dλ1q such that

“

pϕ‹λ1´λq
ˇ

ˇ

BX

‰

“ 0 P H1pBX ;Rq.

Lemma 3.6. Let ϕ : pV,λV q ãÑ pW,λW q be a generalized Liouville embedding
with ϕpV q Ă intpW q. Then there exists a 1-form λ1W on W such that

(1) dλ1W “ dλW ,
(2) λ1W “ λW near BW ,
(3) ϕ‹λ1W “ λV .

Proof. Given δ ą 0, define

Vδ “ V Y pr0,δs ˆ BV q Ă pV .

As in [MS17, Thm. 3.3.1], if δ is sufficiently small then we can extend ϕ to a
symplectic embedding

ϕδ : pVδ, xωV q ÝÑ pW,ωW q.

Now use the map ϕδ to identify Vδ with its image in W . Then the 1-form
λW ´

xλV is closed on Vδ.
By hypothesis, the de Rham cohomology class of this 1-form restricted to

r0,δs ˆ BV is zero. Thus there is a function g : r0,δs ˆ BV such that

d g “ pλW ´
xλV q

ˇ

ˇ

r0,δsˆBV .

Let β : r0,δs Ñ R be a smooth function with βpρq ” 0 for ρ close to 0 and
βpρq ” 1 for ρ close to δ. We can then take

λ1W “

$

&

%

λV on V ,
xλV ` dpβ gq on r0,δs ˆ BV ,

λW on WzVδ.
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�

Now given a generalized Liouville embedding as above, let λ1W be a 1-form
on W provided by Lemma 3.6. We then have an honest Liouville embedding

ϕ : pV,λV q ÝÑ pW,λ1W q.

As explained in §3.1 and §3.2, this induces transfer maps

(3.9) SHpS
1,`qpW,λ1W q ÝÑ SHpS

1,`qpV,λV q.

The construction in §2 of (positive, S1-equivariant) symplectic homology of
pW,λW q depends only on the contact form λW |BW on the boundary, and the
symplectic form ωW “ dλW on the interior. Indeed, replacing the Liouville
form λW by another Liouville form λ1W with the same exterior derivative and
restriction to the boundary does not change any of the chain complexes or maps
in the definition of (positive, S1-equivariant) symplectic homology9, since the
classes of admissible Hamiltonians used are determined by the restriction to the
boundary, and the Hamiltonian vector fields are determined by the symplectic
form. (For stronger results on invariance of symplectic homology see §4 or
[Gut17, §4.3].) Thus we have a canonical isomorphism

(3.10) SHpS
1,`qpW,λW q “ SHpS

1,`qpW,λ1W q.

We can now finally make the following definition:

Definition 3.7. Suppose ϕ : pV,λV q Ñ pW,λW q is a generalized Liouville em-
bedding with ϕpV q Ă intpW q. Let λ1W be a 1-form provided by Lemma 3.6.
Define the transfer morphism

(3.11) φ
pS1,`q
V,W : SHpS

1,`qpW,λW q ÝÑ SHpS
1,`qpV,λV q

to be the composition of the canonical isomorphism (3.10) with the map (3.9).

The transfer morphism (3.11) does not depend on the choice of λ1W , because
the admissible Hamiltonians, chain complexes, and chain maps in the definition
of the transfer morphism depend only on the symplectic form on each Liouville
domain and the contact form on the boundary of each Liouville domain.

4. INVARIANCE OF SYMPLECTIC HOMOLOGY

In this section, we study the invariance of the (S1-equivariant) positive sym-
plectic homology with respect to the choice of the Liouville vector field in a
neighbourhood of the boundary. This has been studied by Viterbo [Vit99],
Cieliebak [Cie02] and Seidel [Sei08] in the case of the symplectic homology,
in the framework of Liouville domains.

9One might worry that the Hamiltonian action of a noncontractible loop can change ifλW´λ
1
W

is not exact. However for the Hamiltonians that we are using, the only noncontractible 1-periodic
orbits are associated to Reeb orbits and their action does not change.
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Recall that the completion ppX , pλq of the Liouville domain pX ,λq is defined by

pX :“ X Y
`

r0,8qˆ Y
˘

and pλ :“

#

λ on X ,
eρλ|Y on r0,8qˆ Y

where ρ denotes the r0,8q coordinate. The Liouville vector field Z defined by
ιpZqdλ“ λ; it points strictly outwards along Y .

Lemma 4.1. Let pX ,λq be a Liouville domain and let k be a positive real number.
Then

SH:pX ,λq “ SH:pX , kλq.

Where : denotes any of the variants that we have consideredH,`, S1 or pS1,`q.

Proof. The symplectic completions are ppX , pλq and ppX , kpλq; the chain complexes
for a pair pH, Jq on ppX , pλq and the pair pkH, Jq on ppX , kpλq are the same, since
the 1 periodic orbits are the same, and the Floer trajectories satisfy the same
equations; indeed XλH “ X kλ

kH . Similarly, continuation maps are equivalent tak-
ing as homotopies Hs and kHs. The result follows, observing that kH form a
cofinal family. �

For positive or S1-equivariant positive homology, we assume that we are in a
framework where it is well-defined.

Lemma 4.2. Let pX ,λq and pX 1,λ1q be two Liouville domains. If there exists a
symplectomorphism ϕ : X Ñ X 1 such that ϕpY q “ Y 1, and such that ϕ‹pZq “ Z 1

on a neighbourhood of Y then

SH:pX ,λq – SH:pX 1,λ1q.

Proof. We can extendϕ to a symplectomorphism pϕ : pX Ñ pX 1 of the completions.
For J 1 an almost complex structure on pX 1, we take the corresponding almost
complex structure J on pX defined by

Jx :“ pϕ´1
‹x
˝ J 1

pϕpxq ˝ pϕ‹x

and if H 1 is a Hamiltonian on xW 1, we take the Hamiltonian H on pW defined
by H :“ pϕ‹H 1. Then the 1 periodic orbirs are in bijection and so are the Floer
trajectories. The subfamily t pϕ‹H 1u of Hamiltonians is cofinal and thus we reach
the conclusion. �

Lemma 4.3. Let pX ,λq be a Liouville domain. Then for all R P R`, we have

SH:pX ,λq – SH:
`

X Y pr0, Rs ˆ Y q,λ1
˘

where the 1-formλ1 on r0, RsˆBX is the restriction of the 1-form pλ, thus peρλ|Y q.

Proof. Denote by ϕZ
t the flow of Z; since LZλ “ λ we have ϕZ

t
‹
λ “ etλ. This

gives a symplectomorphism

ϕZ
R : pX , eRpdλqq Ñ

`

X Y pr0, Rs ˆ Y q,ω1
˘
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mapping the boundary Y to the boundary tRu ˆ Y and such that ϕZ
R
˚
λ “ eRλ.

One concludes by the two lemmas above. Explicitely, the diffeomorphism ϕZ
R :

pX Ñ pX maps Hamiltonian vector fields as follows : pϕZ
R q˚pXH1q “ XH when H 1 “

e´RpϕZ
R q
˚H; hence ϕZ

R gives a bijection between 1-periodic orbits of XH1 and 1-
periodic orbits of XH , and, with suitable choices of J ’s, a bijection between Floer
trajectories between 1-periodic orbits of XH1 and Floer trajectories between 1-
periodic orbits of XH . Hence it yields an isomorphism

HF:pX , e´RpϕZ
R q
˚Hq – HF:

`

X Y pr0, Rs ˆ Y q, H
˘

.

Furthermore, the diffeomorphism ϕZ
R intertwines a continuation morphism de-

fined by a homotopy H 1s to the corresponding continuation morphism defined
by Hs when again H 1s “ e´RpϕZ

R q
˚Hs. This yields the isomorphism mentionned

above. �

Lemma 4.4. The transfer morphism

SH:
`

X Y pr0, Rs ˆ Y q,λ1
˘

ÞÑ SH:pX ,λq

is an isomorphism which coincides with the natural identification of Lemma
4.3.

Proof. Let H be an admissible Hamiltonian for X Y pr0, Rs ˆ Y q. Consider the
homotopy H1

s :“ e´ f psqϕZ
f psq

‹H with f : RÑ r0, Rs a smooth function so that

H1
s “ H for large negative s and H1

s “
rH :“ e´RpϕZ

R q
˚H for large positive s.

The set of 1 periodic orbits for H1
s is constant (since, as in the Lemma above,

the diffeomorphism ϕZ
f psq of the completion is a bijection between 1-periodic

orbits of XH1
s

and 1-periodic orbits of XH). This homotopy defines the “transfer
morphism”

φ : HF:
`

X Y pr0, Rs ˆ BX q, H
˘

Ñ HF:pX , rHq.

Let tHηs uηPr0,1s be a family of homotopies (with non fixed endpoint) such that
H0

s is the constant homotopy H0
s “ H for all s, and such that all Hηs are of

the form e´ f 1ps,ηqϕZ
f 1ps,ηq

‹H with f 1p.,ηq : R Ñ r0,ηRs and f 1p., 1q “ f . We

have Hη`8 “ e´ηRϕZ
ηR
‹H “ H1

f ´1pηRq. The set of 1-periodic orbits of Hηs is in
bijection with the set of orbits of H. We consider, for a given η, the space of
Floer trajectories

M pHηs , Jηs q :“
ď

pγ
η
´

,γη
`
qPP pHη

´8
qˆP pHη

`8
q

CZpγη
´
q“CZpγη

`
q

M pγη´,γη`, Hηs , Jηs q

and the parametrized moduli space

M ptHηs , Jηs uq :“
ď

ηPr0,1s

M pHηs , Jηs q

which could have boundaries for some η‰ 0,1. It defines a cobordism between
M pH0

s , J0
s q andM pH1

s , J1
s q. NowM pH0

s , J0
s q “M pH, Jq is the space of con-

stant trajectories tups, ¨q “ γ0p¨q |γ0 P P pHqu. Thus for small η’s, say η ď η0,
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the cobordism is a bijection,M pHηs , Jηs q consists of exactly one Floer trajectory
starting from each orbit in P pHq and arriving at the corresponding orbit in
P pHη`8q. The morphism induced by Hη0

s is thus the natural identification of
periodic orbits. Hence the transfer

φ : HF:
`

X Y pr0, Rs ˆ Y q, H
˘

Ñ HF:
`

X Y pr0, R´ εs ˆ Y q, eεϕZ
ε

‹
H
˘

is the natural identification for ε “ η0R. Now we use the flow of the Liouville
vector field, ϕZ

ε , to carry all this construction further and we get the natural
identification as the transfer morphism

φ : HF:
`

XYpr0, R´εsˆY q, eεϕZ
ε

‹
H
˘

Ñ HF:
`

XYpr0, R´2εsˆY q, e2εϕZ
2ε
‹
H
˘

.

By induction and functoriality, we get the result. �

Lemma 4.5. Let X be a compact symplectic manifold with contact type bound-
ary. Let λt , t P r0,1s be an isotopy of Liouville forms on X such that in a neigh-
bourhood U of the boundary, λt “ λ0. Then

SH:pX ,λ0q – SH:pX ,λ1q.

Proof. Remark that we do not require the dλt to be equal.
Let Zt be the time dependent vector field defined by

ιpZsqpdλsq “ ´
` d

d tλptq|s
˘

and let ϕt be its flow. In the neighbourhood U , the vector field vanishes, Xs “ 0,
and so ϕ‹1λ1 “ λ1 “ λ0 on U . Furthermore ϕ‹1dλ1 “ dλ0 because

d
d t
ϕ‹t λt

ˇ

ˇ

ˇ

s
“ ϕ‹s

´dλt

d t

ˇ

ˇ

ˇ

s

¯

`ϕ‹sLZs
λs

“ ϕ‹s

´dλt

d t

ˇ

ˇ

ˇ

s

¯

`ϕ‹s
`

ιpZsqdλs ` dιpZsqλs
˘

“ d
´

ϕ‹s
`

λspZsq
˘

¯

.

This implies that the completions for λ0 and ϕ‹1λ1 are the same, therefore, by
lemma 4.2,

SH:pX ,λ1q “ SH:pX ,ϕ‹1λ1q “ SH:pX ,λ0q.

�

Theorem 4.6. Let X be a compact symplectic manifold with contact type bound-
ary. Let λt , t P r0, 1s be a homotopy of Liouville forms on X . Then

SH:pX ,λ0q – SH:pX ,λ1q.

To prove this Proposition, we use the following Proposition from Cieliebak
and Eliashberg:

Proposition 4.7 ([CE12], Proposition 11.8). Let X be a compact symplectic man-
ifold with contact type boundary. Let λt , t P r0, 1s be a homotopy of Liouville
forms on X . Then there exists a diffeomorphism of the completions f : xX0 Ñ

xX1

such that f ‹xλ1´
xλ0 “ d g where g is a compactly supported function.
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supppgq

t0uˆ Y
tρ0uˆ Y

tρ10uˆ Y

f ´1ptρ1uˆ Y1q f ´1ptρ11uˆ Y1q

FIGURE 2. The choice of ρ0, ρ1, ρ10 and ρ11

Proof of Theorem 4.6. There exists a positive real ρ0 such that supppgq Ă X Y
pr0,ρ0sˆY q. We choose positive real numbers ρ1,ρ10 and ρ11 such that f ´1pXY
pr0,ρ1sˆY qq contains XYpr0,ρ0sˆY q, f ´1pXYpr0,ρ1sˆY qq Ă XYpr0,ρ10sˆY q
and X Ypr0,ρ10sˆ Y q Ă f ´1pX Ypr0,ρ11sˆ Y qq. The situation is represented in
Figure 2

The diffeomorphism f and the flow of Z1 on pX1 give

`

f ´1pX Y pr0,ρ1s ˆ Y qq, f ‹xλ1

˘

–
`

X Y pr0,ρ1s ˆ Y,xλ1

˘

– pX , eρ1λ1q.

The completion of
`

f ´1pX Ypr0,ρ1sˆ Y qq, f ‹xλ1

˘

coincides with ppX0,xλ0q since
close to the boundary f‹Z0 “ Z1.

SHpX ,λ1q – SH
`

X Y pr0,ρ1s ˆ Y q,xλ1

˘

by Lemma 4.3

– SH
`

f ´1pX Y pr0,ρ1s ˆ Y qq, f ‹xλ1

˘

by Lemma 4.2

– SH
`

f ´1pX Y pr0,ρ1s ˆ Y qq,xλ0` d g
˘

by Proposition 4.7

– SH
`

f ´1pX Y pr0,ρ1s ˆ Y qq
looooooooooooomooooooooooooon

“:X1

,xλ0

˘

by Lemma 4.5.

Denoting by ϕZ0
t the flow of Z0 and by X0 the manifold X Y pr0,ρ0s ˆ Y q, we

have

ϕ
Z0

ρ11´ρ1
pX1q “ f ´1pX Y pr0,ρ11s ˆ Y qq

and

ϕ
Z0

ρ10´ρ0
pX0q “ X Y pr0,ρ10s ˆ Y q
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Using the functoriality of the transfer morphism,

SHpϕZ0

ρ11´ρ1
pX1q,xλ0q

//

–

44
SHpϕZ0

ρ10´ρ0
pX0q,xλ0q

–

))
// SHpX1,xλ0q

// SHpX0,xλ0q;

therefore

SHpX ,λ1q – SHpX1,xλ0q – SHpX0,xλ0q – SHpX ,λ0q.

�

Seidel in [Sei08] has extended the definition of symplectic homology (and
all its variants) to Liouville manifolds.

Definition 4.8 (see for instance [CE12]). A Liouville manifold is an exact sym-
plectic manifold pW,ω, Zq, where the vector field Z is an expanding Liouville
vector field, i.e LZω“ω and ϕZ

t ω“ etω such that
‚ the vector field Z is complete and
‚ the manifold is convex in the sense that there exists an exhaustion W “

Y8k“1W k by compact domains Wk ĂW with smooth boundaries along
which Z is outward pointing.

In the following we will denote a Liouville manifold either by pW,ω, X q or
by pW,λ :“ ιpZqωq.

The set

SkelpV,ω, Zq :“
8
ď

k“1

č

tą0

ϕZ
´tpW

kq

is called the skeleton of the Liouville manifold pW,ω, Zq. It is independent of
the choice of the exhausting sequence of compact sets W k. A Liouville manifold
pW,ω, Zq is said to be of finite type if its skeleton is compact. Every finite type
Liouville manifold is the completion of a Liouville domain10.

Definition 4.9 ([Sei08]). Let pW,ω, Zq be a Liouville manifold non necessarily
of finite type and let W k be an exhaustion by compact domains Wk Ă W with
smooth boundaries along which Z is outward pointing such that W k Ă W k`1.
The symplectic homology (and its variants) of pW,λq is defined as the inverse
limit of the symplectic homologies of pW k,λ|W k

q

SH:pW,λq :“ lim
ÐÝ

SH:pW k,λ|W k
q.

The morphisms appearing in this inverse limit are the transfer morphisms.

This definition is independent of the chosen exhaustion. Remark that in the
case of finite type Liouville manifolds, this definition coincides with the previous
one.

10We refer to the book by Cieliebak and Eliashberg for more details, [CE12, Chapter 11]



32 JEAN GUTT

Proposition 4.10. Let pW0,λ0q and pW1,λ1q be two Liouville manifolds not nec-
essarily of finite type. Assume there exists an exact symplectomorphism f :
W0 ÑW1 i.e. such that f ‹λ1´λ0 “ d g with g a function on W0. Then

SH:pW0,λ0q – SH:pW1,λ1q.

Proof. Let W k
0 be an exhaustion for W0 and W k

1 be an exhaustion for W1 such
that for all k,

W k
0 Ă f ´1pW k

1 q ĂW k`1
0

where the inclusion at each level means the inclusion in the interior of the next
compact space. Let η be a smooth function η : W0 Ñ r0,1s such that η“ 1 in a
neighbourhood of Y8k“1 f ´1pBW k

1 q and η“ 0 in a neighbourhood of Y8k“1BW
k
0 .

We define the 1-form λ on W0 to be

λ :“ λ0` dpηgq.

We have

SHpW k
0 ,λ0q – SHpW k

0 ,λq and SHpW k
1 ,λ1q – SH

`

f ´1pW k
1 q,λ

˘

.

The functoriality of the transfer morphism implies that the following diagram
is commutative:

¨ ¨ ¨
//

&&
SH

`

f ´1pW k`1
1 q,λ

˘ //
77

SHpW k`1
0 ,λq

&&
// SH

`

f ´1pW k
1 q,λ

˘ //
::SHpW k

0 ,λq //
¨ ¨ ¨ .

Therefore,

SHpW0,λ0q – lim
ÐÝ

SHpW k
0 ,λ0q – lim

ÐÝ
SHpW k

0 ,λq

– lim
ÐÝ

SH
`

f ´1pW k
1 q,λ

˘

– lim
ÐÝ

SHpW k
1 , f‹λq

– lim
ÐÝ

SHpW k
1 ,λ1q – SHpW1,λ1q.

�

The above result may be extended thanks to the following Lemma:

Lemma 4.11 ([BEE12], see also [CE12], Lemma 11.2). Any symplectomor-
phism between finite type Liouville manifolds f : pW0,λ0q Ñ pW1,λ1q is dif-
feotopic to an exact symplectomorphism.

We have thus

Theorem 4.12. Let pW0,λ0q and pW1,λ1q be two Liouville manifolds of finite
type such that there exists a symplectomorphism f : pW0,λ0q Ñ pW1,λ1q. Then

SH:pW0,λ0q – SH:pW1,λ1q.
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4.1. Invariance of the homology of contact fillings. In this section we shall
prove:

Theorem 4.13. Let pY0,ξ0q and pY1,ξ1q be two contact manifolds that are ex-
actly fillable; i.e. there exist Liouville domains pX0,λ0q and pX1,λ1q such that
BX0 “ Y0, ξ0 “ kerpλ0|Y0

q, BX1 “ Y1 and ξ1 “ kerpλ1|Y1
q. Assume there exists

a contactomorphism ϕ : pY0,ξ0q Ñ pY1,ξ1q which is “oriented” in the sense
that ϕ‹λ1

ˇ

ˇ

Y1
“ e f λ0

ˇ

ˇ

Y0
. Assume moreover that there exists a contact form α̃0

on Y0 such that all periodic Reeb orbits are nondegenerate and the set of all
Conley-Zehnder indices is lacunary11. Then

SHS1,`pX0,λ0q – SHS1,`pX1,λ1q.

Lemma 4.14 ([Cie02]). Let pαtqtPr0,1s be a smooth family of contact forms on
a closed manifold Y of dimension 2n´ 1. Then there exists a Rą 0 and a non-
decreasing function f : r0, Rs Ñ r0,1s such that f ” 0 close to ρ “ 0 and f ” 1
close to ρ “ R and

d
`

eρα f pρq
˘

is symplectic on r0, Rs ˆ Y.

Proof. The proof is a computation:

d
`

eρα f pρq
˘

“ eρdρ^α f pρq` eρdα f pρq` eρ f 1pρqdρ^ 9α f pρq.
´

d
`

eρα f pρq
˘

¯n
“ nenρ

´

dρ^
`

α f pρq` f 1pρq 9α f pρq
˘

^
`

dα f pρq
˘n´1

¯

and thus d
`

eρα f pρq
˘

is symplectic if and only if
`

α f pρq` f 1pρq 9α f pρq
˘`

Rα f pρq

˘

ą

0. This is true if f 1 is small. �

Lemma 4.15. If pY,ξq is a compact contact manifold which is exactly fillable
by a Liouville domain pX ,λ0q (i.e. BX “ Y and ξ “ kerα0 where α0 “ λ0

ˇ

ˇ

Y )
then, for any contact form α1 such that ξ “ kerα1 (and α1 defines the same
orientation on Y ), there exists a homotopy of Liouville form λs, s P r0,1s on X
such that λ1

ˇ

ˇ

Y “ α1.

Proof. Since α1 “ egα0, for a smooth function g on Y , we consider the smooth
family of contact forms αt “ et gα0, t P r0,1s. We define on X Y r0, Rs ˆ Y Ă pX
the 1-form λ̃:

λ̃“

#

λ0 on Y
eρα f pρq on r0, Rs ˆ Y

with f as in Lemma 4.14, so that dλ̃ is symplectic. The flow of the vector field
Z0, where ιpZ0qdλ0 “ λ0, ϕZ0

´r induces a diffeomorphism from X Yr0, rsˆY to
X . The pull-back by this flow of e´r λ̃ gives the desired λ f prq. �

Combining with Theorem 4.6 and Theorem 5.6, this yields

11A set of integer numbers is lacunary if it does not contain two consecutive numbers.
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Lemma 4.16. Let pY,ξq be a contact manifold that is exactly fillable by the
Liouville domain pX ,λq. Assume that there exists a (oriented) contact form α̃
on Y such that all periodic Reeb orbits are nondegenerate and the set of all
Conley-Zehnder indices is lacunary. Then

SHS1,`pX ,λq “
à

γPP pRα̃q
Qxγy

where P pRα̃q denotes the set of periodic Reeb orbits on pY, α̃q.

Proof of Theorem 4.13. Given the contactomorphism ϕ : pY0,ξ0q Ñ pY1,ξ1q

and the contact form α̃0, we define the form α̃1 :“ pϕ´1q‹α̃0; it is a contact
form on Y1 and its periodic orbits are non degenerate, in bijection with those
of α̃0 with the same Conley-Zehnder index. We apply twice Lemma 4.16; once
for pX0,λ0, α̃0q and for pX1,λ1, α̃1q. �

5. PROPERTIES OF POSITIVE S1-EQUIVARIANT SH

Let pX ,λq be a Liouville domain. We now show that the positive S1-equivariant
homology SHS1,`pX ,λq defined in §2, which we denote by CHpX ,λq for short,
satisfies all of the properties in Proposition 1.6.

5.1. Free homotopy classes. Given an admissible Hamiltonan, H, we can de-
compose the complex C FS1,N ,ďLpH, Jq into a direct sum

C FS1,N ,ďLpH, Jq “
à

Γ

C FS1,N ,ďLpH, J , Γ q.

Here Γ ranges over free homotopy classes of loops in X , and C FS1,N ,ďLpH, J , Γ q
denotes the subset of C FS1,N ,ďLpH, Jq generated by S1-orbits of pairs pz,γq
where γ represents the free homotopy class Γ .

The differentials and continuation maps defined in §2 all count certain cylin-
ders, and thus respect the above direct sum decomposition. As a result, we
obtain a corresponding direct sum decomposition in (2.14) and (2.15), so that
we can decompose

CHpX ,λq “
à

Γ

CHpX ,λ, Γ q,

where CHpX ,λ, Γ q is defined like CHpX ,λq but only using loops in the free
homotopy class Γ .

Similar remarks apply to all of the constructions to follow; we will omit the
free homotopy class Γ below to simplify notation.

5.2. Action filtration. Given L P R, we now define a version of positive S1-
equivariant symplectic homology “filtered up to action L”, which we denote by
CH LpX ,λq. This will only depend on the largest element of SpecpY,λq which
is less than or equal to L. Thus we can assume without loss of generality that
L R SpecpY,λq.
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As in Definition 2.21, we can consider the quotient complex

C FS1,N ,`,ďLpH, Jq :“
C FS1,N ,ďLpH, Jq

C FS1,N ,ďεpH, Jq
.

As in Definition 2.9, the homology of the quotient complex is independent of J ,
so we can denote this homology by HFS1,N ,`,ďLpHq. If pN1, H1q ď pN2, H2q, then
the continuation chain map induces a well-defined map HFS1,N1,`,ďLpH1q Ñ

HFS1,N2,`,ďLpH2q.

Definition 5.1. We define the positive S1-equivariant symplectic homology fil-
tered up to action L to be

CH LpX ,λq :“ SHS1,`,ďLpX ,λq :“ lim
ÝÑ
N ,H

HFS1,N ,`,ďLpHq.

It follows from Remark 2.8(ii) that if L R SpecpY,λq, then CH LpX ,λq depends
only on the largest element of SpecpY,λq that is less than L.

Given an admissible parametrized Hamiltonian H, a nonnegative integer N , a
generic parametrized almost complex structure J as in (2.8), and real numbers
L1 ă L2, we have an inclusion of chain complexes

(5.1) C FS1,N ,`,ďL1pH, Jq ÝÑ C FS1,N ,`,ďL2pH, Jq.

The usual continuation map argument shows that the induced map on homol-
ogy,

(5.2) HFS1,N ,`,ďL1pHq ÝÑ HFS1,N ,`,ďL2pHq,

does not depend on the choice of J , and commutes with the continuation map
for pN1, H1q ď pN2, J2q.

Definition 5.2. We define the map

(5.3) ıL1,L2
: CH L1pX ,λq ÝÑ CH L2pX ,λq

to be the direct limit over pairs pN , Hq of the maps (5.2).

We then have the required property

(5.4) lim
LÑ8

CH LpX ,λq “ CHpX ,λq,

because we can compute the direct limit

lim
ÝÑ

N ,H,L
HFS1,N ,`,ďLpHq

either by first taking the limit over pairs pN , Hq, which gives the left hand side
of (5.4), or by first taking the limit over L, which gives the right hand side of
(5.4).

Remark 5.3. One can equivalently define CH LpX ,λq by repeating the definition
of CHpX ,λq, but using appropriate admissible Hamiltonians where the limiting
slope is equal to L.
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5.3. U map. We now define the U map on CHpX ,λq, similarly to [BO16, §2.4].
Recall from Remark 2.17 that given an admissible Hamiltonian H 1 : S1ˆ pX Ñ
R and a nonnegative integer N , we can choose a pair pHN , JN q so that the chain

complex
´

CHS1,N pHN , JN q,B
S1
¯

has the nice form given by (2.11) and (2.12).

It follows from (2.12) that the operation of “multiplication by u´1”, sending
a chain complex generator ui b γ to ui´1b γ when i ą 0 and to 0 when i “ 0,
is a chain map. This induces a map on the homology HFS1,N pH 1q, which we
denote by UN ,H1 . A priori this map also depends on the choice of pair pHN , JN q,
but the usual continuation map argument shows that it does not. In addition,
if pN1, H 11q ď pN2, H 12q, then the continuation map HFS1,N1pH 11q Ñ HFS1,N2pH 12q
fits into a commutative diagram

HFS1,N1pH 11q ÝÝÝÑ HFS1,N2pH 12q

UN1,H11

§

§

đ

§

§

đ

UN2,H12

HFS1,N1pH 11q ÝÝÝÑ HFS1,N2pH 12q.

It then follows from Proposition 2.18 that we obtain a well-defined map

U “ lim
ÝÑ
N ,H1

UN ,H1

on SHS1

˚
pX ,λq.

Since the U map is induced by chain maps which respect (in fact preserve)
the symplectic action filtration, it also follows from Proposition 2.22 that we
obtain a well-defined U map on CHpY,λq. Similarly we obtain a well-defined
U map on CH LpY,λq. This completes the proof of the “U map” property.

For use in §5.7 below, we also note that there is the following Gysin-type
exact sequence:

Proposition 5.4. If pX ,λq is a Liouville domain, then there is a long exact se-
quence
(5.5)

¨ ¨ ¨ // SH`pX ,λq // CHpX ,λq
U // CHpX ,λq // SH`pX ,λq // ¨ ¨ ¨

Proof. With the above definition of U , this follows as in [BO16, Prop. 2.9]. This
was also shown earlier in [BO13] using a slightly different definition of positive
S1-equivariant symplectic homology. �

5.4. Reeb Orbits. Let’s start by proving the following Proposition.

Proposition 5.5. If L1 ă L2, and if there does not exist a Reeb orbit γ of λ|BX in
the free homotopy class Γ with actionA pγq P pL1, L2s, then the map (1.1) is an
isomorphism.

Proof. Let L1 ă L2 such that there does not exist a Reeb orbit γ of λ|BX having
action A pγq in the interval pL1, L2s. As in §5.2, we can also assume without
loss of generality that L1 R SpecpY,λq. Then for every triple pN , H, Jq, if the
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limiting slope of H is sufficiently large, then the inclusion of chain complexes
(5.1) is the identity map. It follows that the map (5.2) is an isomorphism, and
consequently the direct limit map (5.3) is an isomorphism as desired. �

We shall leave the proof of the Reeb orbit property (as stated in Proposition
1.6) to the Appendix and prove a preliminary version here. We are in the setup
of Remark 2.17.

Theorem 5.6. Let pX ,λq be a Liouville domain. Assume there exists a contact
form α on the boundary BX “: Y such that the set of Conley-Zehnder indices
of all good periodic Reeb orbits is lacunary12. Then

SHS1,`pX ,λq “
à

γPP pRαq
Qxγy

where P pRαq denotes the set of good periodic Reeb orbits on Y .

Proof. Let H be an admissible Hamiltonian such that the action is distinct for S1-
families of orbits corresponding to Reeb orbits of different period. We consider,
as mentioned in Remark 2.17, the S1-equivariant functions HN which are lifts
of an admissible Hamiltonian H 1 P Hstd. We use the natural identification,
described by (2.11):

C FS1,N pHN , JN q “Qt1, u, . . . , uNubQ C FpH 1, J0q.

and the description of C FpH 1, J0q given by Lemma 2.11.

Remark 5.7. The energy Epuq “
ş

}Bsu}
2
g

Jθ
ηpsq

dsdθ of all Floer trajectories in-

volved in the definition of the boundary operator which are linking elements
pz,γq corresponding to distinct γ’s, say γ´ and γ`, is bounded below by some
positive constant E depending only on H. Indeed13, the result follows from the
two following facts:
First, }Bsu}

2
g

Jθ
ηpsq

is bounded above ([Sal90]) since, otherwise, there would be

some “bubbling off” which is prevented by exactness of the symplectic form.

Secondly
ş

S1

›

›

›Bθups,θq ´ XHδ,Nηpsq
pups,θqq

›

›

›

2

g
Jθ
ηpsq

dθ is bounded below by an ε

valid for any smooth loop ups, ¨q : S1 Ñ pX : θ ÞÑ ups,θq with some values
outside a neighborhood of the critical orbits [Sal99, Exercice 1.22]. This is
proven by contradiction, using Arzela-Ascoli Theorem to prove that every se-
quence un : S1 Ñ pX with } 9unptq ´ X tpunq}L2 ÞÑ 0 has a subsequence which
converges uniformly to a 1-periodic orbit of the Hamiltonian vector field.

The complex C FS1,N ,`pHN , JN q is filtered by the action thanks to Proposi-
tion ??. We take the filtration by the action, i.e. by the period ; we define

12A set of integer numbers is lacunary if it does not contain two consecutive numbers
13this argument is borrowed from [GG09]
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FpC FS1,N ,`pHN , JN q, p P Z such that for every p P Z, the quotient

Fp`1C FS1,N ,`pHN , JN q{FpC FS1,N ,`pHN , JN q

is a union of sets

t1b qγ, . . . , uN b qγ, 1b pγ, . . . , uN b pγu

corresponding to underlying Reeb orbits γ of the same period T .
We consider the zero page of the associated spectral sequence.

E0,N
p,q :“ Fp`1C FS1,N ,`

p`q pHN , JN q{FpC FS1,N ,`
p`q pHN , JN q

We have “twin towers of generators”, one tower corresponding to each periodic
Reeb orbit of period T on BX “: Y ,

uN b qγ

u´1ϕ1

$$

uN b pγ
ϕ0oo

...
...

u2b qγ
u´1ϕ1

$$

u2b pγ
ϕ0oo

ub qγ
u´1ϕ1

$$

ub pγ
ϕ0oo

1b qγ 1b pγ
ϕ0oo

with induced differential as in the above diagram with the notation of (2.12).
The differential between two elements in distinct towers of the same period

vanishes, since for any Floer trajectory involved in the differential and linking
the two towers, by Lemma 2.20 and Remark 5.7,

E ă
ż

}Bsu}
2
g

Jθ
zpsq

dsdθ ďA pz´,γ´q ´A pz`,γ`q

and the last can be chosen to be less than E.
To study any given tower, we use the explicit description of ϕ0 and ϕ1. It

was first described by Bourgeois and Oancea but in their computation, they
assumed transversality of contact homology. It was then computed without this
assumption by Zhao.

(1) [Zha14, Proposition 6.2], [BO09, Lemma 4.28] Let pγ, qγ and H 1 be as
above. The moduli space M ppγ,qγ; H 1, Jq{R consists of two elements;
they have opposite signs, due to the choice of a system of coherent
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orientations, if and only if the underlying Reeb orbit γ is good. This
implies that,

ϕ0ppγq

#

0 if γ is good,
˘2qγ if γ is bad.

Recall that a Reeb orbit is called bad if its Conley-Zehnder index is not
of the same parity as the Conley-Zehnder index of the simple Reeb orbit
with same image, and an orbit γH is bad if the underlying Reeb orbit is
bad.

(2) [Zha14, Proposition 6.2], [BO16, Lemma 3.3]With the same notations,
the map ϕ1 : C F`

˚
pH 1, Jq Ñ C F`

˚`1pH
1, Jq acts by

ϕ1pqγq “

#

kγpγ if γ is good,
0 if γ is bad

where kγ is the multiplicity of the underlying Reeb orbit γ i.e. γ is a
kγ-fold cover of a simple periodic Reeb orbit.

The complex in E0;N
p,q defined by the twin tower corresponding to a good orbit

yields

Q 0 // Q
pˆkγq // . . .

pˆkγq // Q 0 // Q
pˆkγq // Q 0 // Q

and thus, in the homology E1;N
p,q , it gives one copy of Q in degree ´CZpγq and

one copy of Q in degree ´CZpγq ` 2N . The first page is given by

E1;N “
à

γPP pH1q
Qxqγy‘QxuN b pγy.

There are no bad orbits in the generators of the S1-equivariant symplectic ho-
mology. Indeed the complex in E0;N

p,q defined by the twin tower over a bad orbit
is :

Q
ˆp˘2q// Q 0 // . . .

0 // Q
ˆp˘2q// Q 0 // Q

ˆp˘2q// Q

and the corresponding homology gives 0 in E1;N
p,q .

The differential on the first page of the spectral sequence vanishes because
of the lacunarity of the set of Conley-Zehnder indices; therefore, for N large
enough, it gives the homology :

HFS1,N ,`pHN , JN q “
à

γPP pH1q
Qxqγy‘QxuN b pγy.

The morphism induced by a regular homotopy between two such Hamiltonians
(built from standard Hamiltonians close to Morse Bott Hamiltonians) respects
the filtration, thanks to Lemma 2.20. We can therefore take the direct limit on
the pages over those Hamiltonians which form a cofinal family. The inclusion
S2N`1 ãÑ S2N`3 induces a map

E1;N “
à

γPP pRαq
Qxqγy‘QxuN b pγy Ñ E1;N`1.
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which is the identity on the first factor and zero on the second factor. Taking
the direct limit over the inclusion S2N`1 ãÑ S2N`3 we have

SHS1,`pX ,λq “ lim
ÝÑ
N

E1;N “
à

γPP pRαq
Qxγy.

�

Remark 5.8. Stricto sensu, in the proof of the above Theorem, we have assumed
that the orbits are contractible. Nonetheless Theorem 5.6 is true after extending
the definition of HFS1,`pH, Jq to all 1-periodic orbits of H. To deal with non
contractible orbits, one chooses for any free homotopy class of loops a, a rep-
resentative la and one chooses a trivialisation of the tangent space along that
curve. For the free homotopy class of a contractible loop, l0 is chosen to be con-
stant loop with constant trivialisation. One ask moreover that la´1 is la in the
reverse order and with the corresponding trivialisation. The action functional
induced by a Hamiltonian H becomes

A pγq :“´
ż

r0,1sˆS1
u‹ω´

ż

S1
Hpθ ,γpθqqdθ

where u : r0,1sˆ S1 Ñ X is a homotopy from la to γ. For any loop γ belonging
to the free homotopy class a, one chooses a homotopy u : r0,1sˆ S1 Ñ X from
la to γ and one considers the trivialisation of T X on γ induced by u and by the
choice of the trivialisation along la. Let us observe that any Floer trajectory can
only link two orbits in the same free homotopy class and as before, the action
decreases along Floer trajectories. As before, the Floer complex is generated by
the 1-periodic orbits of H graded by minus their Conley-Zehnder index. The
differential “counts” Floer trajectories between two orbits whose difference of
grading is 1. The positive version of symplectic homology is defined as before
since the set of critical points of H is still a subcomplex : Floer trajectories can
only link a critical point to a contractible orbit. All the results stated above
extend to this framework.

Corollary 5.9. The only generators that may appear in the positive S1-equivariant
homology are of the form u0b qγ with qγ a good orbit.

Corollary 5.10. The number of good periodic Reeb orbits of periods ď T is
bounded below by the rank of the positive S1-equivariant symplectic homology
of action ď T .

5.5. δ map. To define the delta map, we have the following:

Proposition 5.11. Let pX ,λq be a Liouville domain. Then there is a canonical
long exact sequence

(5.6) H˚pX ,BX q bH˚pBS1q // SHS1
pX ,λq

ww

SHS1,`pX ,λq

δ

ii
.
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Proof. For any triple pN , H, Jq as in Definition 2.21, by definition we have a short
exact sequence of chain complexes

(5.7) 0ÝÑ C FS1,N ,ďεpH, Jq ÝÑ C FS1,N pH, Jq ÝÑ C FS1,N ,`pH, Jq ÝÑ 0.

Since continuation maps respect symplectic action, we can take the direct limit
of the resulting long exact sequences on homology to obtain a canonical long
exact sequence

(5.8) ¨ ¨ ¨ ÝÑ SHS1,ďεpX ,λq ÝÑ SHS1
pX ,λq ÝÑ SHS1,`pX ,λq ÝÑ ¨ ¨ ¨

where we define

(5.9) SHS1,ďεpX ,λq “ lim
ÝÑ
N ,H

HFS1,N ,ďεpH, Jq.

To compute (5.9), note that we have a canonical isomorphism

(5.10) HFS1,N ,ďεpH, Jq “ H˚pX ,BX q bQt1, u, . . . , uNu.

For proofs of counterparts of this isomorphism for different definitions of S1-
equivariant symplectic homology, see [Vit99, Proposition 1.3] and [BO13, Lemma
4.8]. In our context, the isomorphism (5.10) holds because if we compute the
left hand side as in Remark 2.17, then the chain complex comes from the critical
points of H 1 on X , so that we have

(5.11) C FS1,N ,ďεpH, Jq “ CMorsepX , H 1q bQt1, u, . . . , uNu.

Here CMorsepX , H 1q denotes the chain complex for the Morse cohomology of H 1,
whose differential counts upward gradient flow lines; and ui represents the
index 2i critical point of fN . The differential on the left side of (5.11) agrees on
the right side with the tensor product of the Morse differential and the identity
onQt1, u, . . . , uNu. Since the gradient of H 1 points out of X along BX , the Morse
cohomology agrees with the relative homology H˚pX ,BX q. This proves (5.10),
and taking the direct limit over pairs pN , Hq gives a canonical isomorphism

(5.12) SHS1,ďεpX ,λq “ H˚pX ,BX q bH˚pBS1q.

Putting this into (5.8) proves the proposition. �

The map δ vanishes on CHpX ,λ, Γ q for every free homotopy class Γ ‰ 0,
because the maps in the long exact sequence (5.8) preserve the free homotopy
class, and the homology (5.12) is entirely supported in the summand corre-
sponding to Γ “ 0.

5.6. Scaling. If ppX , pλq is the completion of pX ,λq, then the completion of pX , rλq
is naturally identified with the same manifold pX , with the 1-form rpλ.

If H : S1ˆ pX Ñ R is an S1-dependent Hamiltonian, and if XH denotes the (S1-
dependent) Hamiltonian vector field for H defined using pω, then the Hamilton-
ian vector field for H defined using r pω is r´1XH . It follows that if H is an admis-
sible Hamiltonian for pX ,λq, then rH is an admissible Hamiltonian for pX , rλq,
with the same 1-periodic orbits. Note here that SpecpY, rλq “ r SpecpY,λq,
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so the conditions involving the action spectrum are preserved. In particular, if
ε “ 1

2 min SpecpY,λq as usual, then

rε “
1
2

minSpecpY, rλq.

Likewise, if H : S1ˆ pXˆS2N`1 Ñ R is an admissible parametrized Hamilton-
ian for pX ,λq, then rH is an admissible parametrized Hamiltonian for pX , rλq.

If J is an admissible parametrized almost complex structure (2.8) as needed
to define the (positive) S1-equivariant symplectic homology of pX ,λq, then J is
not quite admissible for pX , rλq, because the condition (2.3) only holds up to a
constant. However one can still define (positive) S1-equivariant symplectic ho-
mology using parametrized almost complex structures that satisfy this weaker
version of admissibility, cf. [Oan04, §1.3.2], and a continuation argument shows
that the resulting (positive) S1-equivariant symplectic homology will be canon-
ically isomorphic.

Putting this together, we have a canonical isomorphism of chain complexes

C FS1,N ,ďLpH, Jq “ C FS1,N ,ďr LprH, Jq.

We then have a canonical isomorphism of quotient chain complexes

C FS1,N ,ďLpH, Jq

C FS1,N ,ďεpH, Jq
“

C FS1,N ,ďr LprH, Jq

C FS1,N ,ďrεprH, Jq
.

Taking the direct limit over pairs pN , Hq gives the desired canonical isomor-
phism

CH LpX ,λq “ CH r LpX , rλq.

We can also take L “`8, giving the desired canonical isomorphism

CHpX ,λq “ CHpX , rλq.

These scaling isomorphisms preserve the U and δ maps, since the U map is
purely formal, and the holomorphic curves counted by the δmaps are the same.

5.7. Star-Shaped Domains. When X is a nice star-shaped domain, the chain
complex C FS1,N pH, Jq has a canonical Z grading, in which the grading of a pair
pz,γq is indpzq ´ C Zpγq. Here indpzq denotes the Morse index of the corre-
sponding critical point of fN , while C Zpγq denotes the Conley-Zehnder index of
γ, computed using a global trivialization of T X .

With respect to this grading, the long exact sequence (5.6) has the form

(5.13) H˚`npX ,BX q bH˚pBS1q // SHS1

˚
pX q

yy

SHS1,`
˚

pX q

r´1s

δ

hh
.

For a nice star-shaped domain X , we have SHS1

˚
pX q “ 0; see §2.5.3. Assertions

(i) and (ii) in the Star-Shaped Domains property follow. (The computation
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(1.3) also follows from 5.6 together with the description of the Reeb orbits on
the boundary of an irrational ellipsoid.)

To prove assertion (iii), note that for a nice star-shaped domain, the Gysin-
type sequence (5.5) with gradings has the form

¨ ¨ ¨ // SH`k pX q
// CHkpX q

U // CHk´2pX q // SH`k´1pX q
// ¨ ¨ ¨ .

On the other hand, if X is a nice star-shaped domain then

SH`
˚
pX q “

#

Q if ˚ “ n` 1
0 otherwise

,

see §2.5.2. Plugging this with (1.3) in the above Gysin-type sequence, we im-
mediately see that the U map CH˚pX ,λq Ñ CH˚´2pX ,λq is an isomorphism
except when ˚ “ n` 1.

Finally, we need to prove assertion (iv). Suppose that λ0|BX is nondegenerate
and has no Reeb orbit γ with actionA pγq P pL1, L2s and Conley-Zehnder index
CZpγq “ n´ 1` 2k. We need to show that the map

(5.14) ıL1,L2
: CH L1

n´1`2kpX ,λ0q ÝÑ CH L2
n´1`2kpX ,λ0q

is surjective. As in §5.2, we can assume without loss of generality that L1, L2 R

SpecpY,λq.
To prove that (5.14) is surjective, we compute positive S1-equivariant sym-

plectic homology using an admissible Hamiltonian H 1 : S1 ˆ pX Ñ R as in Re-
mark 2.17. Furthermore, we assume that H 1 is perturbed from an admissible
Morse-Bott Hamiltonian as in Lemma 2.11, with boundary slope β ą L2. As a
result, if L ă β is not close to the action of a Reeb orbit, then the chain complex
C FS1,N ,`,ďLpHN , JN q is generated by symbols ukbqγ and ukbpγwhere 0ď k ď N
and γ is a Reeb orbit with actionA pγq ď L. Furthermore, the grading of a gen-
erator is given by

|uk b qγ| “ CZpγq ` 2k,

|uk b pγ| “ CZpγq ` 2k` 1.

Now fix N , HN , and JN . The differential on the chain complex C FS1,N ,`,ďLpHN , JN q

does not increase the symplectic action of Reeb orbits. This means that we can
define an integer-valued filtration F on the chain complex as follows: Denote
the real numbers in the action spectrum SpecpY,λq by

a1 ă a2 ă ¨ ¨ ¨ .

If γ is a Reeb orbit with actionA pγq “ a j , then we define the filtration

F pui b qγq “F pui b pγq “ j.

Let F jC FďL denote the subcomplex of C FS1,N ,`,ďLpHN , JN q spanned by gener-
ators with filtration ď j. Let

G jC FďL “F jC FďL{F j´1C FďL
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denote the associated graded complex.
It is shown in §5.4 and in [Gut17, §3.2] that the homology of

À

j G jC FďL is
generated by u0b qγ and uN b pγ where γ ranges over the good Reeb orbits with
action less than L. It follows that if N is sufficiently large with respect to k and
L, then the degree n´1`2k part of

À

j G jC FďL is generated by u0b qγ where
γ is a good Reeb orbit with action less than L and Conley-Zehnder index equal
to n´ 1` 2k. Therefore, the inclusion of chain complexes

(5.15) C FS1,N ,`,ďL1pHN , JN q ÝÑ C FS1,N ,`,ďL2pHN , JN q

induces an injection

G jC FďL1 ÝÑ G jC FďL2

for each j. Furthermore, under our assumption on k, L1, and L2, if N is suffi-
ciently large, then the above injection in grading n´ 1` 2k is an isomorphism

G jC FďL1
n´1`2k

»
ÝÑ G jC FďL2

n´1`2k

for each j. It now follows from the algebraic Lemma 5.12 below that the inclu-
sion (5.15) induces a surjection on the degree n´ 1` 2k homology

(5.16) HFS1,N ,`,ďL1
n´1`2k pHN , JN qÝÑHFS1,N ,`,ďL2

n´1`2k pHN , JN q.

Lemma 5.12. Let

0“F0C˚ ĂF1C˚ Ă ¨ ¨ ¨ ĂFJ C˚ “ C˚,

0“F0C 1
˚
ĂF1C 1

˚
Ă ¨ ¨ ¨ ĂFJ C 1

˚
“ C 1

˚

be filtered chain complexes. Denote the associated graded chain complexes
by G jC˚ “ F jC˚{F j´1C˚ and G jC

1
˚
“ F jC

1
˚
{F j´1C 1

˚
. Let φ : C˚ Ñ C 1

˚
be

a map of filtered chain complexes. For a given grading k, suppose that for
each j, the map φ induces a surjection HkpG jC˚q Ñ HkpG jC

1
˚
q and an injection

Hk´1pG jC˚q Ñ Hk´1pG jC
1
˚
q. Then φ induces a surjection HkC˚ Ñ HkC 1

˚
and

an injection Hk´1C˚Ñ Hk´1C 1
˚
.

Proof. Since the filtrations are bounded, it is enough to prove by induction on j
thatφ induces a surjection HkpF jC˚q Ñ HkpF jC

1
˚
q and an injection Hk´1pF jC˚q Ñ

Hk´1pF jC
1
˚
q. Assume that the claim holds for j´ 1. We then have a commuta-

tive diagram with exact rows

HkpF j´1C˚q ÝÝÝÑ HkpF jC˚q ÝÝÝÑ HkpG jC˚q ÝÝÝÑ Hk´1pF j´1C˚q
§

§

đ

surj

§

§

đ

§

§

đ

surj

§

§

đ

inj

HkpF j´1C 1
˚
q ÝÝÝÑ HkpF jC

1
˚
q ÝÝÝÑ HkpG jC

1
˚
q ÝÝÝÑ Hk´1pF j´1C 1

˚
q

where the vertical arrows are induced by φ. Surjectivity of the second ver-
tical arrow then follows from chasing this diagram. (This is one of the two
“four-lemmas” that imply the “five lemma”.) Likewise, the injectivity claim for
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j follows by chasing the commutative diagram with exact rows

HkpG jC˚q ÝÝÝÑ Hk´1pF j´1C˚q ÝÝÝÑ Hk´1pF jC˚q ÝÝÝÑ Hk´1pG jC˚q
§

§

đ

surj

§

§

đ

inj

§

§

đ

§

§

đ

inj

HkpG jC
1
˚
q ÝÝÝÑ Hk´1pF j´1C 1

˚
q ÝÝÝÑ Hk´1pF jC

1
˚
q ÝÝÝÑ Hk´1pG jC

1
˚
q.

Since (5.16) is a surjection, by taking the direct limit over N and H 1, and
using an action-filtered version of Proposition 2.22, we conclude that the map
(5.14) is surjective as desired. �

6. PROPERTIES OF TRANSFER MAPS

Let ϕ : pX ,λq Ñ pX 1,λ1q be a generalized Liouville embedding with ϕpX q Ă
intpX 1q. Let

Φ : CHpX 1,λ1q ÝÑ CHpX ,λq

denote the transfer map φS1,`
X ,X 1 defined in §3. We now prove that this map

satisfies the properties in Proposition 1.7.

6.1. Action. The transfer map Φ is a direct limit over H1, HX
2 , and N of contin-

uation maps

(6.1) HFS1,N ,`pH1q ÝÑ HFS1,N ,`pHX
2 q

where H1 and HX
2 are appropriate parametrized Hamiltonians for X 1 and X

respectively. Since the continuation map (6.1) is induced by a chain map which
decreases symplectic action, it is the direct limit over L of maps

(6.2) HFS1,N ,`,ďLpH1q ÝÑ HFS1,N ,`,ďLpHX
2 q.

We now define

ΦL : CH LpX 1,λ1q ÝÑ CH LpX ,λq

to be the direct limit over H1, HX
2 , and N of the maps (6.2). Here, as in §5.2,

we assume without loss of generality that L R SpecpBX 1,λ1qYSpecpBX ,λq. The
required properties (1.4) and (1.5) follow from Definition 5.2.

6.2. Functoriality. The proof results from the comparison of a count of Floer
trajectories. On one hand, one counts Floer trajectories corresponding to an
increasing homotopy H13, going from a 1-periodic orbit of XH1

for an admissible
Hamiltonian H1 on S1ˆ pV3 to the C I I ,I part of a stair Hamiltonian H3 with two
“steps”. On the other hand, one counts trajectories relative to the composition
of two increasing homotopies, H12 going from H1 to H2 (a stair Hamiltonian
with one step) and H23 going from H2 to H3. The property is a consequence of
the composition of homotopies.
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6.3. Commutativity with U . We now show that the transfer map Φ commutes
with the U map defined in §5.3.

Recall that the map Φ can be computed as a direct limit of maps (3.8) from
Remark 3.4. And recall from §5.3 that in this setup, the U map is the direct
limit of chain maps given by “multiplication by u´1”. So it is enough to prove
that for each nonnegative integer N , we have a commutative diagram of chain
maps

C FS1,N ,`pH 11q
ψ

ÝÝÝÑ C FS1,N ,`
`

pH 12q
V
˘

u´1

§

§

đ

§

§

đu´1

C FS1,N ,`pH 11q
ψ

ÝÝÝÑ C FS1,N ,`
`

pH 12q
V
˘

.

Here the chain complexes depend on S2N`1-families of Hamiltonians and al-
most complex structures as in Remark 2.17, which we are omitting from the
notation.

It is enough to check this commutativity on a generator uk b γ. If k “ 0,
then both compositions are zero, since ψ does not increase the exponent of u.
If k ą 0, then the lower left composition is given by

ψ
`

u´1puk b γq
˘

“ψpuk´1b γq “

k´1
ÿ

i“0

uk´1´i bψipγq,

while the upper right composition is given by

u´1ψpuk b γq “ u´1
k
ÿ

i“0

uk´i bψipγq “

k´1
ÿ

i“0

uk´i´1bψipγq.

These are equal, and this completes the proof that ΦU “ UΦ.
To prove that ΦLU L “ U LΦL , as before we can assume without loss of gener-

ality that L R SpecpBX 1,λ1qYSpecpBX ,λq. We then repeat the above argument,
restricted to orbits with action less than L.

6.4. Commutativity with δ. To conclude, we now prove the commutativity
with δ in Proposition 1.7. Note that a closely related result was proved in [Vit99,
Thm. 5.2], and our proof will use some of the same ideas.

Recall that the δ map is defined starting from the short exact sequence of
chain complexes (5.7). If H1 and HX

2 are Hamiltonians as in the definition of
the transfer map in §3.2, then we have a commutative diagram

CMorsepX
1, H1q bQt1, u, . . . , uNu ÝÝÝÑ C FS1,N pH1, J1q ÝÝÝÑ C FS1,N ,`pH1, J1q

§

§

đ

§

§

đ

§

§

đ

CMorsepX , HX
2 q bQt1, u, . . . , uNu ÝÝÝÑ C FS1,N pHX

2 , JX
2 q ÝÝÝÑ C FS1,N ,`pHX

2 , JX
2 q.

Here the rows are from the short exact sequences of chain complexes (5.7) for
X 1 and X . The center vertical arrow is the continuation chain map which, in the
direct limit, gives the transfer morphism φS1

X ,X 1 . The right vertical arrow is the
continuation chain map which, in the direct limit, gives the transfer morphism
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Φ“ φ
S1,`
X ,X 1 . The left vertical arrow is the restriction of the center vertical arrow.

As in the proof of [Vit99, Thm. 5.2], this left arrow simply discards critical points
in X 1zX (here we are identifying X with its image in X 1 under the symplectic
embedding), and is the Morse continuation map from H1|X to H2|X .

The above commutative diagram gives rise to a morphism of long exact se-
quences on homology. One square of this is the commutative diagram

HFS1,N ,`pH1, J1q ÝÝÝÑ H˚pX
1,BX 1q bQt1, u, . . . , uNu

φ
S1,`

HX
2 ,H1

§

§

đ

§

§

đ

ρb1

HFS1,N ,`pHX
2 , JX

2 q ÝÝÝÑ H˚pX ,BX q bQt1, u, . . . , uNu.

Here the horizontal arrows are the connecting homomorphisms which, in the
direct limit, give the δ maps for X 1 and X . Thus taking the direct limit over N ,
H1, and HX

2 , we obtain the desired commutative diagram (1.8).

APPENDIX A. PROOF OF THE REEB ORBITS PROPERTY

The purpose of this appendix is to prove the Reeb orbits property. The main
ingredient is an algebraic lemma concerning filtered complexes which shows
that, up to isomorphism, the images of inclusion-induced maps between the
filtered parts of the complexes can be recovered from the filtered homology of a
new chain complex whose underlying vector space is the E1 term of the spectral
sequence associated to the original filtered complex. This lemma is proven in
the following section, and in the subsequent section we apply this together with
results from [Gut17],[GH17] to complete the proof of the Reeb orbits property.

A.1. A lemma on filtered complexes. In this section we consider a Z-graded
chain complex pC˚,Bq of vector spaces over a field K equipped with a filtration

t0u “ F0C˚ Ă F1C˚ Ă ¨ ¨ ¨ Ă Fr C˚ Ă ¨ ¨ ¨ Ă C˚

(where each Fr C˚ is a subcomplex of C˚) that is bounded below by zero and
exhausting (i.e. F8C˚ :“Yr Fr C˚ is equal to C˚). We extend the above filtration
by N to a filtration by Z by setting FiC˚ “ t0u for i ă 0.

Recall that the associated graded complex of pC˚,Bq, denoted G pC˚q is the

direct sum of quotient complexes
À

pě1
FpC˚
Fp´1

, equipped with obvious boundary

operator induced from B. The homology H˚
`

G pC˚q
˘

evidently splits as a direct
sum

Hk
`

G pC˚q
˘

“
à

pě1
Hk

˜

FpC˚
Fp´1C˚

¸

.

The following is the main algebraic input needed:

Lemma A.1. With notation and assumptions as above, there is a chain complex
pD˚,δq equipped with a filtration

t0u “ F0D˚ Ă F1D˚ Ă ¨ ¨ ¨ Ă Fr D˚ Ă ¨ ¨ ¨ Ă D˚
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where for each r, k

(A.1) Fr Dk “
à

1ďpďr
Hk

˜

FpC˚
Fp´1C˚

¸

and F8D˚ :“ Yr Fr D˚ “ D˚, such that the boundary operator δ on D˚ strictly
lowers filtration in the sense that δpFr D˚q Ă Fr´1D˚, and such that for 1ď s ď
t ď8 there exists an isomorphism of vector spaces

Im
`

HkpFsC˚,Bq Ñ HkpFt C˚,Bq
˘

– Im
`

HkpFsD˚,δq Ñ HkpFt D˚,δq
˘

where the maps on both sides are induced by inclusion of filtered subcomplexes.

The proof of Lemma A.1 will occupy the rest of this section. To begin, let
us recall from [Wei94, Section 5.4] some ingredients in the construction of the
spectral sequence associated to the filtration on pC˚,Bq.

For p P Zwrite ηp : FpC˚Ñ
FpC˚

Fp´1C˚
for the natural projection, and for p, q, r P

Z define:
Ar

p,q “
 

x P FpCp`q|Bx P Fp´r Cp`q´1

(

,

Ẑ r
p,q “ ηppA

r
p,qq, B̂r

p,q “ ηp

´

BpAr´1
p`r´1,q´r`2q

¯

.

For any r ě 1 one then has inclusions

t0u “ B̂0
p,q Ă B̂1

p,q Ă ¨ ¨ ¨ Ă B̂r
p,q Ă B̂r`1

p,q Ă Ẑ r`1
p,q Ă Ẑ r

p,q Ă ¨ ¨ ¨ Ă Ẑ0
p,q “

FpCp`q

Fp´1Cp`q
.

We also write

B̂8p,q “Y
8
r“1B̂r

p,q “Y
8
r“1ηp

´

BpAr´1
p`r´1,q´r`2q

¯

.

Note also that since we assume that FiC˚ “ t0u for i ď 0, we have

Ẑ r
p,q “ Ẑ p

p,q “ ηp

´

kerB|FpCp`q

¯

for r ě p.

Accordingly if we let Ẑ8p,q “ Ẑ p
p,q then we will have

Ẑ8p,q “X
8
r“1 Ẑ r

p,q.

As is standard, we write

E r
p,q “

Ẑ r
p,q

B̂r
p,q

for r P NY t8u. For the case that r “ 1, notice that Ẑ1
p,q is equal to the set of

degree-pp` qq cycles in the quotient complex
FpC˚

Fp´1C˚
and that B̂1

p,q is equal to

the set of degree-pp` qq boundaries in
FpC˚

Fp´1C˚
; thus

(A.2) E1
p,q “ Hp`q

˜

FpC˚
Fp´1C˚

¸

.

The following is standard and easily-checked:
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Proposition A.2. (cf. [Wei94, Construction 5.4.6]) For each p, q, r, the bound-
ary operator B induces a map

B̂r
p,q : E r

p,q Ñ E r
p´r,q`r´1

such that

kerpB̂r
p,qq “ πpẐ

r`1
p,q q and ImpB̂r

p`r,q´r`1q “ πpB̂
r`1
p,q q,

where π: Ẑ r
p,q Ñ

Ẑ r
p,q

B̂r
p,q

is the quotient projection.

We also have the following fact concerning the maps HkpFpC˚,Bq Ñ HkpFt C˚,Bq
for p ď t induced by inclusion of filtered subcomplexes; this is a slight exten-
sion of the familiar fact that the spectral sequence of a suitable filtered complex
converges to the associated graded of the homology.

Proposition A.3. Let 1ď p ď t ď8with p ă8. Then there is an isomorphism

Im
`

HkpFpC˚,Bq Ñ HkpFt C˚,Bq
˘

Im
`

HkpFp´1C˚,Bq Ñ HkpFt C˚,Bq
˘ –

Ẑ8p,k´p

B̂ t´p`1
p,k´p

.

(Here for the case t “8 we interpret F8C˚ as C˚ and B̂8´p`1
p,k´p as B̂8p,k´p.)

Proof. There is an obvious surjective map

φ : kerpB|FpCk
q Ñ

Im
`

HkpFpC˚,Bq Ñ HkpFt C˚,Bq
˘

Im
`

HkpFp´1C˚,Bq Ñ HkpFt C˚,Bq
˘

given by including kerpB|FpCk
q into kerpB|Ft Ck

q, then taking homology classes,
and then projecting. We see that x P kerpφq if and only if there is y P kerpB|Fp´1Ck

q

such that x and y represent the same homology class in HkpFt C˚,Bq; this holds if
and only if we can write x “ y`Bz with z P Ft Ck`1, and in this case we would
have z P At´p

t,k´t`1 since Bz “ x ´ y P FpCk. Thus kerpφq “ kerpB|Fp´1Ck
q `

BpAt´p
t,k´t`1q and hence

(A.3)
Im

`

HkpFpC˚,Bq Ñ HkpFt C˚,Bq
˘

Im
`

HkpFp´1C˚,Bq Ñ HkpFt C˚,Bq
˘ –

kerpB|FpCk
q

kerpB|Fp´1Ck
q ` BpAt´p

t,k´t`1q
.

(The above discussion implicitly assumes that t ă8, but since Y8s“1FsC˚ “ C˚
the reasoning is equally valid for t “8 provided that we interpret the notation
At´p
8,k´8`1 as YpďsPNA

s´p
s,k´s`1, as we will continue to do below).

On the other hand the projection ηp : FpCk Ñ
FpCk

Fp´1Ck
sends kerpB|FpCk

q to

Ẑ8p,k´p and sends kerpB|Fp´1Ck
q ` BpAt´p

t,k´t`1q to B̂ t´p`1
p,k´p , and it is easy to check

that the resulting map

η:
kerpB|FpCk

q

kerpB|Fp´1Ck
q ` BpAt´p

t,k´t`1q
Ñ

Ẑ8p,k´p

B̂ t´p`1
p,k´p
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is an isomorphism. Combining this isomorphism with (A.3) proves the propo-
sition. �

For 1ď r ď8 let

Br
p,q “

B̂r
p,q

B̂1
p,q

Z r
p,q “

Ẑ r
p,q

B̂1
p,q

,

so for r ă p we have a chain of inclusions

t0u “ B1
p,q Ă ¨ ¨ ¨ Ă Br

p,q Ă Br`1
p,q Ă ¨ ¨ ¨ Ă B8p,q Ă Z8p,q “ Z p

p,q Ă Z r`1
p,q Ă Z r

p,q Ă ¨ ¨ ¨ Ă Z1
p,q “ E1

p,q.

Projecting away B̂1
p,q induces isomorphisms E r

p,q –
Z r

p,q
Br

p,q
. For each p, q P Z and

r ě 1 let us choose:

‚ A complement H r
p,q to the subspace Br

p,q within the vector space Z r
p,q,

and
‚ A complement M r

p,q to the subspace Z r`1
p,q within the vector space Z r

p,q.

Given these choices, the projection Z r
p,q Ñ E r

p,q restricts to H r
p,q as an isomor-

phism, so the maps B̂r
p,q from Proposition A.2 induce maps

Br
p,q : H r

p,q Ñ H r
p´r,q`r´1

with
kerBr

p,q “ Z r`1
p,q XH r

p,q, ImBr
p`r,q´r`1 “ Br`1

p,q XH r
p,q.

(In particular, since Z r`1
p,q “ Z r

p,q for r ě p, we have Br
p,q “ 0 for r ě p).

For any r ě 2 the various direct sum decompositions Z j´1
p,q “ Z j

p,q ‘ M j´1
p,q

yield a direct sum decomposition

E1
p,q “ Z1

p,q “ Z r
p,q ‘M r´1

p,q ‘ ¨ ¨ ¨ ‘M1
p,q

“ H r
p,q ‘ Br

p,q ‘M r´1
p,q ‘ ¨ ¨ ¨ ‘M1

p,q.

(For r “ 1 we have B1
p,q “ t0u and H1

p,q “ E1
p,q and the above direct sum

decomposition degenerates to E1
p,q “ H1

p,q).
We accordingly extend our map Br

p,q : H r
p,q Ñ H r

p,q to a linear map (still de-

noted Br
p,q) defined on all of E1

p,q by setting it equal to zero on the summands

Br
p,q, M r´1

p,q , . . . , M1
p,q. We also regard the codomain of Br

p,q as E1
p,q rather than

the subspace H r
p,q. With this extended definition, we have

kerBr
p,q “ pZ

r`1
p,q XH r

p,qq‘Br
p,q‘M r´1

p,q ‘¨ ¨ ¨‘M1
p,q “ Z r`1

p,q ‘M r´1
p,q ‘¨ ¨ ¨‘M1

p,q,

where we have used that Br
p,q Ă Z r`1

p,q Ă Z r
p,q “ H r

p,q ‘ Br
p,q, so that pZ r`1

p,q X

H r
p,qq ‘ Br

p,q “ Z r`1
p,q . Since we have a direct sum decomposition

E1
p,q “ Z r`1

p,q ‘M r
p,q ‘M r´1

p,q ¨ ¨ ¨ ‘M1
p,q,

it follows that:
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Corollary A.4. The maps Br
p,q : E1

p,q Ñ E1
p´r,q`r´1 restrict as isomorphisms

M r
p,q Ñ Br`1

p´r,q`r´1XH r
p´r,q`r´1, and vanish identically on the complementary

subspace Z r`1
p,q ‘M r´1

p,q ‘ ¨ ¨ ¨ ‘M1
p,q to M r

p,q in E1
p,q.

In particular, since for j ą r we have M j
p,q Ă Z j

p,q Ă Z r`1
p,q Ă kerpBr

p,qq, this

shows that Br
p,q vanishes on M j

p,q for j ‰ r, while it maps M r
p,q isomorphically

to Br`1
p´r,q`r´1XH r

p´r,q`r´1.
Now for any p, q let us write

Bp,q “
ÿ

rě1

Br
p,q : E1

p,q Ñ‘rě1E r
p´r,q`r´1.

(This has just finitely many nonzero terms since Br
p,q “ 0 for r ě p.) Also define,

for k P Z,
Dk “

à

p`q“k
E1

p,q,

and define δk : Dk Ñ Dk´1 as the map which restricts to Bp,q on the respective
summands E1

p,q. Each Dk has a filtration given by

FsDk “
à

p`q“k,pďs
E1

p,q,

which is consistent with (A.1) by (A.2). By definition, the map δk respects this
filtration, and indeed satisfies the stronger property δkpFsDkq Ă Fs´1Dk´1.

We will now compute the kernel and image of δk. For a general element
x “

ř

p xp P Dk where each xp P E1
p,k´p, the component of δk x in the summand

E1
m,k´1´m Ă Dk´1 is equal to

ÿ

r
Br

m`r,k´m´r xm`r .

Now Br
m`r,k´m´r xm`r lies in the subspace Br`1

m,k´1´m X H r
m,k´1´m of E1

m,k´1´m.
But these latter subspaces are independent as r varies: indeed given finitely
many elements yr P Br`1

m,k´1´mXH r
m,k´1´m that are not all zero, if rmax is chosen

maximal subject to the property that yrmax
‰ 0 then the fact that 0 ‰ yrmax

P

H rmax
m,k´1´m while for all s ă rmax we have ys P Bs`1

m,k´1´m Ă Brmax
m,k´1´m would

imply that
ř

yr ‰ 0 since H rmax
m,k´1´m is complementary to Brmax

m,k´1´m.

The independence of these subspaces implies that, for xp P E1
p,k´p, the com-

ponent of δk

´

ř

p xp

¯

in E1
m,k´m´1 is zero only if each Br

m`r,k´m´r xm`r sepa-
rately vanishes. Thus:

(A.4)
ÿ

p
xp P kerδk ô p@p, rqpBr

p,k´p xp “ 0q.

Now fixing p and recalling that Z p
p,k´p “ Z8p,k´p and Br

p,k´p “ 0 for r ě p, note
that we have

E1
p,k´p “ Z8p,k´p ‘M p´1

p,k´p ‘ ¨ ¨ ¨ ‘M1
p,k´p.
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Moreover, for r ă p, Br
p,k´p vanishes on Z r`1

p,k´p Ą Z8p,k´p and on each M j
p,k´p for

j ‰ r while restricting injectively to M r
p,k´p. Hence Br

p,k´p xp “ 0 for all r if and
only if xp P Z8p,k´p. In combination with (A.4) this shows:

Proposition A.5.
kerpδk : Dk Ñ Dk´1q “

à

p
Z8p,k´p

and, for each s P N,
kerpδk|Fs Dk

q “
à

pďs
Z8p,k´p.

Next we will show:

Proposition A.6.
Impδk : Dk Ñ Dk´1q “

à

p
B8p,k´1´p

and, for s P N,
Impδk|Fs Dk

q “
à

păs
Bs´p`1

p,k´1´p.

Proof. As noted earlier the summand ofδk

´

ř

p xp

¯

in E1
m,k´1´m is

ř

r B
r
m`r,k´m´r xm`r ,

which is a sum of terms in the mutually independent subspaces Br`1
m,k´1´m X

H r
m,k´1´m. Note that, for fixed k, m and any t P N,

(A.5)
à

1ďrďt

´

Br`1
m,k´1´mXH r

m,k´1´m

¯

“ B t`1
m,k´1´m :

indeed using the inclusions

Br
m,k´1´m Ă Br`1

m,k´1´m Ă Z r
m,k´1´m “ H r

m,k´1´m‘ Br
m,k´1´m

we see that Br`1
m,k´1´m “ pB

r`1
m,k´1´mX H r

m,k´1´mq ‘ Br
m,k´1´m; applying this in-

ductively starting from B1
m,k´1´m “ t0u yields (A.5). The same reasoning shows

that
À8

r“1

´

Br`1
m,k´1´mXH r

m,k´1´m

¯

“ B8m,k´1´m. Thus to prove the proposi-

tion it suffices to show that, given p P N and elements yr P Br`1
p´r,k`r´p´1 X

H r
p´r,k`r´p´1 for 1 ď r ă p, we can find a single x P E1

p,k´p with Br
p,k´p x “ yr

for each r. But this is an easy consequence of Corollary A.4: using the decom-
position E1

p,k´p “ Z8p,k´p‘M p´1
p,k´p‘¨ ¨ ¨‘M1

p,k´p we can take x to be an element
with trivial component in Z8p,k´p and with component in each respective M r

p,k´p
equal to a preimage of yr under Br

p,k´p. �

Corollary A.7. Let D˚ “ ‘kDk and δ “ ‘kδk. Then pD˚,δq is a filtered chain
complex whose total homology is given by

HkpD˚,δq “
‘pZ8p,k´p

‘pB8p,k´p

.
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Moreover, for s P N, t P NYt8u with s ď t we have

Im
`

HkpFsD˚,δq Ñ HkpFt D˚,δq
˘

“

À

pďs Z8p,k´p
À

pďs B t´p`1
p,k´p

.

Proof. That pD˚,δq is a chain complex simply results from Propositions A.5 and
A.6 and the fact that B8p,q Ă Z8p,q; the computation of HkpD˚,δq likewise follows

immediately. The computation of Im
`

HkpFsD˚,δq Ñ HkpFt D˚,δq
˘

also follows
because this image is essentially by definition equal to the quotient of kerpδ|Fs Dk

q

by Impδ|Ft Dk`1
q X FsDk. (For the case that t “ s, it perhaps also bears noting

that B1
s,k´s “ t0u, so that ‘păsB

s´p`1
p,k´p “‘pďsB

s´p`1
p,k´p ). �

Lemma A.1 now follows almost immediately from Corollary A.7 and Propo-

sition A.3. Indeed, projecting away B̂1
p,k´p gives isomorphisms

Ẑ r
p,k´p

B̂r
p,k´p

–
Z r

p,k´p

Br
p,k´p

so Corollary A.7 and Proposition A.3 show that we have, whenever s P N and
1ď s ď t ď8,

ImpHkpFsD˚,δq Ñ HkpFt D˚,δqq –
s
à

p“1

Im
`

HkpFpC˚,Bq Ñ HkpFt C˚,Bq
˘

Im
`

HkpFp´1C˚,Bq Ñ HkpFt C˚,Bq
˘ .

Since F0C˚ “ t0u, we can then iteratively choose complements to Im
`

HkpFp´1C˚,Bq Ñ HkpFt C˚,Bq
˘

in Im
`

HkpFpC˚,Bq Ñ HkpFt C˚,Bq
˘

to obtain an isomorphism Im
`

HkpFsD˚,δq Ñ
HkpFt D˚,δq

˘

– Im
`

HkpFsC˚,Bq Ñ HkpFt C˚,Bq
˘

. Moreover in the case that
t “ 8, as s varies this can be done in such a way that if s ă s1 then the
isomorphism Im

`

HkpFs1D˚,δq Ñ HkpD˚,δq
˘

– Im
`

HkpFs1C˚,Bq Ñ HkpC˚,Bq
˘

restricts to Im
`

HkpFsD˚,δq Ñ HkpD˚,δq
˘

as the already-chosen isomorphism
Im

`

HkpFsD˚,δq Ñ HkpD˚,δq
˘

– Im
`

HkpFsC˚,Bq Ñ HkpC˚,Bq
˘

; hence by tak-
ing the union over s we obtain an isomorphism HkpD˚,δq – HkpC˚,δq (corre-
sponding to the case s “ t “8 in Lemma A.1).

Since we have already seen that our complex pD˚,δq satisfies the other re-
quired properties, this completes the proof of Lemma A.1.

A.2. Construction of CC˚pX ,λq. Since we assume that the Reeb flow on the
boundary of pX ,λq is nondegenerate, the set of actions (equivalently, periods) of
the Reeb orbits on BX is discrete; of course every element of this set is positive,
so let us denote by T1 ă T2 ă ¨ ¨ ¨ ă Tr ă ¨ ¨ ¨ the numbers which arise as actions
of Reeb orbits on BX . Also write T0 “ 0. By the action filtration property
and Proposition 5.5, the maps ıL1,L2

: CH L1pX ,λq Ñ CH L2pX ,λq give a directed
system (i.e. ıL2,L3

˝ ıL1,L2
“ ıL1,L3

), and ıL1,L2
is an isomorphism if the interval

pL1, L2s does not contain any of the actions Ti . So in particular if L ď L1 with
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L P rTi , Ti`1q, L1 P rT j , T j`1q then there is a commutative diagram

(A.6) CH LpX ,λq
ıL,L1 // CH L1pX ,λq

CHTi pX ,λq

ıTi ,L –

OO

ıTi ,Tj

// CHT j pX ,λq

ıTj ,L1–

OO

where both vertical arrows are isomorphisms. So to understand the maps ıL1,L2

it suffices to understand the maps ıTi ,T j
.

By Definition 5.1, we have

CH LpX ,λq “ lim
ÝÑ
N ,H

HFS1,N ,`,ďLpH, Jq

where the direct limit is taken over parametrized Hamiltonians H : S1 ˆ X̂ ˆ
S2N`1 Ñ R on the Liouville completion X̂ of X that satisfy a certain admis-
sibility condition, with the structure maps being given by parametrized ver-
sions of continuation maps associated to pairs pN , Hq, pN 1H 1q with N ď N 1, H ď
H 1|S1ˆX̂ˆS2N`1 . Here HFS1,N ,`,ďLpH, Jq is the homology of the subcomplex (which
for brevity we will denote by CpN , HqL) generated by orbits of symplectic action

at most L of the positive equivariant Floer complex CpN , Hq8 :“ C FS1,N ,`pN ,Hq
C FS1,N ,`,ďεpN ,Hq

where 0 ă ε ! T1. The maps ıL1,L2
: CH L1pX ,λq Ñ CH L2pX ,λq are by defini-

tion the maps induced on the direct limit by the maps HFS1,N ,`,ďL1pN , Hq Ñ
HFS1,N ,`,ďL2pN , Hq given by the inclusion of subcomplexes CpN , HqL1 ãÑ CpN , HqL2 .

Suppose that tpNi , Hiqu
8
i“1 is any cofinal, linearly ordered subset of the par-

tially ordered set of pairs pN , Hq used to define CH LpX ,λq. We can then form
the direct limit of the chain complexes CpNi , Hiq

8, using as structure maps the
compositions of chain level continuation maps CpNi , Hiq

8 Ñ CpNi`1, Hi`1q
8.

Denote this direct limit by C
ÝÑ

. Since the continuation maps preserve the fil-
tration by symplectic action, for any L P R we likewise have a direct limit
C
ÝÑ

L “ lim
ÝÑi

CpNi , Hiq
L , and the C

ÝÑ
L form an R-valued filtration of C

ÝÑ
.

Let us coarsen this R-filtration to an N filtration by, for each p P N, choosing
T 1p with Tp ă T 1p ă Tp`1, and letting

Fp C
ÝÑ
“ C
ÝÑ

T 1p

(Recall our notation that T0 “ 0 and the Tp for p ą 0 are the distinct actions of
Reeb orbits along BX , in increasing order.) As in Remark 2.8, for i sufficiently
large every generator of CpNi , Hiq will have filtration level greater than T 10, so
that CpNi , Hiq

T 10 “ t0u for i sufficiently large and so F0 C
ÝÑ
“ t0u. The fact that

YpCpNi , Hiq
T 1p “ CpNi , Hiq for each i implies that likewise YpFp C

ÝÑ
“ C
ÝÑ

. All
of our complexes are Z-graded because of the assumption that c1pT X q|π2pX q “

0. Thus Lemma A.1 applies to the filtered complex C
ÝÑ

, producing a filtered
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complex pD˚,δq with

Fr D˚ “
à

1ďpďr
H˚

¨

˝

lim
ÝÑi

CpNi , Hiq
T 1p

lim
ÝÑi

CpNi , Hiq
T 1p´1

˛

‚

such that for each k P Z, s ď t we have

Im pHkpFsD˚,δq Ñ HkpFt D˚,δqq – Im
´

Hkp C
ÝÑ

sq Ñ Hkp C
ÝÑ

tq

¯

;

note that (for finite t) the right-hand side is precisely the image of ıTs ,Tt
in

grading k. Also, since lim
ÝÑ

is an exact functor, we have

H˚

¨

˝

lim
ÝÑi

CpNi , Hiq
T 1p

lim
ÝÑi

CpNi , Hiq
T 1p´1

˛

‚– lim
ÝÑ

i
H˚

˜

CpNi , Hiq
T 1p

CpNi , Hiq
T 1p´1

¸

.

Thus we have a filtered complex pD˚,δq whose r-filtered part is

Fr D˚ “ lim
ÝÑ

i

à

1ďpďr
H˚

˜

CpNi , Hiq
T 1p

CpNi , Hiq
T 1p´1

¸

and such that, for 1ď s ď t ă8,
(A.7)

Im
´

ıT 1s ,T 1t : CH
T 1s
k pX ,λq Ñ CH

T 1t
k pX ,λq

¯

– Im pHkpFsD˚,δq Ñ HkpFt D˚,δqq .

The foregoing discussion applies to an arbitrary cofinal linearly ordered sub-
set tpNi , Hiqu

8
i“1 of the set of admissible pairs pN , Hq. For a particular choice

of such a cofinal subset consisting of Hamiltonians as described in [Gut17,

Section 3.1] and [GH17, Remark 5.15], the homologies H˚

ˆ

CpNi ,Hiq
T 1p

CpNi ,Hiq
T 1p´1

˙

are

computed in [Gut17, Section 3.2],[GH17, Section 6.7]. Namely, the space

H˚

ˆ

CpNi ,Hiq
T 1p

CpNi ,Hiq
T 1p´1

˙

is generated by elements γ̌ and uNi b γ̂ as γ ranges over Reeb

orbits having action equal to Tp; writing C Z for the Conley–Zehnder index, the
grading of γ̌ is C Zpγq and that of uNi b γ̂ is C Zpγq ` 2Ni ` 1. The continua-

tion maps H˚
´

CpNi ,Hiq
Tp

CpNi ,Hiq
Tp´1

¯

Ñ H˚

ˆ

CpNi`1,Hi`1q
Tp

CpNi`1,Hi`1q
Tp´1

˙

moreover map γ̌ to γ̌ and

uNibγ̂ to zero. Thus in any given degree k the direct limit lim
ÝÑi

Hk

ˆ

CpNi ,Hiq
T 1p

CpNi ,Hiq
T 1p´1

˙

has basis in bijection with the Reeb orbits on BX of action Tp and Conley-
Zehnder index k.

So the N-filtered complex pD˚,δq produced by Lemma A.1 has the property
that Fr Dk is the span of a set of generators in bijection with the Reeb orbits on
BX of Conley–Zehnder index k and action at most Tr . The complex CC˚pX ,λq
promised in the Reeb orbit property is then given by converting pD˚,δq into
an R-filtered complex by taking the L-filtered part CC L

˚
pX ,λq to be equal Fr D˚

where r is maximal subject to the condition that Tr ď L. In particular we have
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equalities CC L
˚
pX ,λq “ CC L1

˚
pX ,λq whenever L, L1 P rTr , Tr`1q. Since δ strictly

decreases the N-filtration on D˚, it likewise strictly decreases this R-filtration.
By (A.7), we have isomorphisms

Im
´

ıT 1s ,T 1t : CH
T 1s
k pX ,λq Ñ CH

T 1t
k pX ,λq

¯

– Im
´

HkpCC
T 1s
˚ pX ,λqq Ñ HkpCC

T 1t
˚ pX ,λqq

¯

for s ď t, and then by applying (A.6) we obtain a similar isomorphism with
T 1s , T 1t replaced by arbitrary L, L1 with L ď L1. The special case that L “ L1

shows that CH L
k pX ,λq is isomorphic to HkpCC˚pX ,λqq. This completes the proof

that the filtered complex CC˚pX ,λq “ YLCC L
˚
pX ,λq with boundary operator δ

satisfies the properties required by the Reeb orbit property.

APPENDIX B. TECHNICAL LEMMAS

B.1. My favorite maximum principle.

Theorem B.1 (Abouzaid, [Rit13]). Let pW 1,ω1 “ dλ1q be an exact symplec-
tic manifold with contact type boundary BW 1, such that the Liouville vector
field points inwards. Let ρ be the coordinate near BW 1 defined by the flow of
the Liouville vector field starting from the boundary and let r :“ eρ; near the
boundary the symplectic form writes ω1 “ dprαq with α the contact form on
BW 1 given by the restriction of λ1. Let J be a compatible almost complex struc-
ture such that J˚λ1 “ dr on the boundary.
a) Let H : W 1Ñ R be non negative, and such that H “ hprq where h is a convex
increasing function near the boundary. Let S be a compact Riemann surface
with boundary and let β be a 1-form such that dβ ě 0. Then any solution
u : S ÑW 1 of pdu´ XH b βq

0,1 “ 0 with upBSq Ă BW 1 is entirely contained in
BW 1.
b) Let H : Rˆ S1ˆW 1Ñ R be an increasing homotopy, such that Hps,θ , p,ρq
“ Hθs pp,ρq “ hsprq where hs are convex increasing functions near the bound-
ary. Let S be a compact Riemann surface with boundary embedded in the cylin-
der (R ˆ S1 with the standard structure). Then any solution u : S Ñ W 1 of
pdu´ XHs

b dθq0,1 “ 0 with upBSq Ă BW 1 is entirely contained in BW 1.

Proof. Proof of part a. The energy of a map u : S Ñ W 1 is defined as Epuq :“
1
2

ş

S }du´XHbβ}
2volS where du is viewed as a section of T‹Sbu‹TW 1. If s`i t

is a local holomorphic coordinate on S, so that jpBsq “ Bt and volS “ ds^ d t
we have

1
2
}du´ XH b β}

2volS “ω
1 pBsu´ XHβpBsq,Btu´ XHβpBtqq ds^ d t

“ pω1pBsu,Btuq ´ dHpBtuqβpBsq ` dHpBsuqβpBtqq ds^ d t

“ u‹ω1` u‹pdHq ^ β .
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It is obviously non negative for any path. Since dpu‹Hβq “ u‹pdHq ^ β `
u‹Hdβ
loomoon

ě0

, we have

Epuq “
ż

S
u‹dλ1` u‹pdHq ^ β ď

ż

S
dpu‹λ1q ` dpu‹Hβq ď

ż

BS
u‹λ1´λ1pXHqβ

since H “ hprq ď rh1prq “ rα
`

h1prqRα
˘

“´λ1pXHq on upBSq Ă BV

“

ż

BS
λ1pdu´ XH b βq

“

ż

BS
´λ1Jpdu´ XH b βq j since pdu´ XH b βq

0,1 “ 0

“

ż

BS
´drpdu´ XH b βq j since J‹λ1 “ dr along upBSq Ă BW 1

“

ż

BS
´dr du j since dr vanishes on XH on upBSq Ă BW 1.

Let ν be the outward normal direction along BS. Then pν, jνq is an oriented
frame, so BS is oriented by jν. Now drpduq jp jνq “ dpr ˝ uqp´νq ě 0 since in
the inward direction, ´ν, r ˝u can only increase because r is minimum on BW 1.
So Epuq ď 0 hence Epuq “ 0. This implies that du´ XH b β “ 0 which shows
that the image of du is in the span of XH which is the span of Rα P TBW 1 on
BW 1. Hence the image of u is entirely in contained in BW 1.
Proof of part b. The proof starts as above. The energy of u is non negative and
given by

Epuq :“
1
2

ż

S
}du´ XHs

b dθ}2volS “
ż

S
u‹ω1` u‹pdHθs q ^ dθ .

We have u‹pdHθs q^dθ “ dpu
1‹Hq^dθ´u‹BsH

θ
s ds^ dθ

loooooooomoooooooon

ě0

, for u1 : S Ñ RˆS1ˆ

W 1 which maps an element pθ , sq P S to the element ps,θ , u1pθ , sqq. Hence

Epuq “
ż

S
u‹dλ1` u‹pdHq ^ dθ

ď

ż

S
dpu‹λ1q ` dpu

1‹Hdθq

ď

ż

BS
u‹λ1´λ1pXHs

qdθ using Stokes’s theorem and

H “ hsprq ď rα
`

h1sprqRα
˘

“´λ1pXHs
q on upBSq Ă BV

“

ż

BS
λ1pdu´ XHs

b dθq

and the proof proceeds as in part a. �



58 JEAN GUTT

B.2. Parenthesis on the homotpy of homotopies Theorem. This classical ma-
terial can be found, for instance, in [AD14, Sal99, Rit].

Definition B.2. Let H1 and H2 be two Hamiltonians. We say that an increas-
ing homotopy Hs between H1 and H2 is regular if for all 1-periodic orbits γ1 P

P pH1q and γ2 PP pH2q,M pγ1,γ2, Hs, Jsq is a manifold of dimension´CZpγ1q`

CZpγ2q.

Theorem B.3. The morphism

φ : SHpH1, J1q Ñ SHpH2, J2q

is independent of the choice of the regular homotopy between H1 and H2.

Proof. Consider two regular homotopies K0 and K1 joining H1 and H2. We are
going to construct an homotopy between φK0 and φK1 in other word a

S : SC˚pH1, J1q Ñ SC˚`1pH2, J2q

satisfying the relation

φK1 ´φK0 “ S ˝ BH1
`BH2

˝ S.

Consider a homotopy of homotopies Kη, η P r0,1s such that in a neighbourhood
of 0, Kη ” K0 and in a neighbourhood of 1, Kη ” K1. For γ1 P P pH1q, γ2 P

P pH2q and η fixed, we denote byM pγ1,γ2, Kηq the space of Floer trajectories
u : Rˆ S1 Ñ R

Bsu` JηpBθu´ XKηq “ 0

and define the parametrized moduli space

M Kpγ1,γ2q :“
ď

ηPr0,1s

M pγ1,γ2, Kηq.

We now use the following two theorems:

Theorem B.4. If CZpγ1q´CZpγ2q`1“ 0, thenM Kpγ1,γ2q is a compact man-
ifold of dimension 0.

Theorem B.5 ([AD14]). Let us define

ΠKpγ1,γ2q :“

¨

˚

˚

˚

˝

ď

γ11PP pH1q

CZpγ1q´CZpγ11q“1

M pγ1,γ11, H1, J1q{RˆM
Kpγ1,γ11q

˛

‹

‹

‹

‚

ď

¨

˚

˚

˚

˝

ď

γ12PP pH2q

CZpγ12q´CZpγ2q“1

M Kpγ12,γ12q ˆM pγ
1
2,γ2, H2, J2q{R

˛

‹

‹

‹

‚

.
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If CZpγ1q “ CZpγ2q, then M Kpγ1,γ2q Y Π
Kpγ1,γ2q is a compact manifold of

dimension 1 with boundary equal to

ΠKpγ1,γ2q Y
`

t0uˆM pγ1,γ2, K0q
˘

loooooooooooomoooooooooooon

with opposite orientation

Y
`

t1uˆM pγ1,γ2, K1q
˘

.

We are now ready to proceed with the proof of Theorem B.3. We define the
homotopy S : SC˚pH1, J1q Ñ SC˚`1pH2, J2q as follows: if γ1 PP pH1q such that
CZpγ1q “ k then

Skpγ1q “
ÿ

γ2PP pH2q

CZpγ2q“k`1

#M Kpγ1,γ2qγ2.

We have, for γ1 PP pH1q such that µC Zpγ1q “ k,

S ˝ BH1
pγ1q ` BH2

˝ Spγ1q

“ Sk´1

ÿ

γ11PP pH1q

CZpγ11q“k´1

`

#M pγ1,γ11, H1, J1q{R
˘

γ11`BH2

ÿ

γ12PP pH2q

CZpγ12q“k`1

#M Kpγ1,γ12qγ
1
2

“
ÿ

γ2PP pH2q

CZpγ2q“k

ÿ

γ11PP pH1q

CZpγ11q“k´1

`

#M pγ1,γ11, H1, J1q{R
˘

#M Kpγ1,γ2qγ2

`
ÿ

γ2PP pH2q

CZpγ2q“k

ÿ

γ12PP pH2q

CZpγ12q“k`1

#M Kpγ1,γ12q
`

#M pγ12,γ2, H2, J2q{R
˘

γ2

“
ÿ

γ2PP pH2q

CZpγ2q“k

#ΠKpγ1,γ2qγ2.

On the other side

φK1 ´φK0 “´
ÿ

γ2PP pH2q

CZpγ2q“k

`

#M pγ1,γ2, K0q
˘

γ2`
ÿ

γ2PP pH2q

CZpγ2q“k

`

#M pγ1,γ2, K1q
˘

γ2.

Therefore we reach the conclusion using theorem B.5. �

B.3. Parenthesis : A glimpse on signs. We indicate in this section how to
define the signs attached to Floer trajectories, and mention the steps which
prove that #BM {R“ 0 (and hence that B2 “ 0).

B.3.1. Operator gluing lemma. We look at operators

D : W 1,ppRˆ S1,R2nq Ñ LppRˆ S1,R2nq,

with p ą 2, which are of the form

D “ Bs ` JBt ` Sps, tq

with Sps, ¨q Ñ S˘p¨q for sÑ˘8, where S˘ belongs to the following space S of
loops of symmetric matrices. Given a loop S of symmetric matrices, one consid-
ers the corresponding path ψ of symplectic matrices defined by the differential
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equations 9ψ “ JSψ. The loop S belongs to the space S if and only if 1 is not
an eigenvalue of ψp1q, i.e. det

`

ψp1q ´ Id
˘

‰ 0.
We denote by O pRˆ S1; S´, S`q the space of such operators.

For Rąą 0 big enough and S˘, S P S , one defines a gluing operation

O pRˆ S1; S´, SqˆO pRˆ S1; S, S`q Ñ O pRˆ S1; S´, S`q : pD1, D2q ÞÑ D1#RD2

in the following way. Fix a smooth function β : RÑ r0,1s such that βpsq “ 0
for s ď 0, βpsq “ 1 for s ě 1.Define,

DR
i :“ Bs ` JBt ` Sptq ` βp´s` Rq

`

Sips, tq ´ Sptq
˘

for i “ 1, 2

The glued operator, D1#RD2 is defined by

D1#RD2 :“

#

DR
1 ps` Rq if s ď 0

DR
2 ps´ Rq if s ě 0

.

Theorem B.6 (Operator gluing lemma). Assume D1 and D2 are surjective. Then
D1#RD2 is surjective for Rąą 0 and has uniformly bounded right inverse.

Proof. Choose Q1,Q2, right inverse for D1, D2. We first construct an approximate
right inverse TR for DR “ D1#RD2 i.e an operator

TR : LppRˆ S1,R2nq ÑW 1,ppRˆ S1,R2nq

such that
}DRTR´ Id} ă 1

2 and TR is uniformly bounded.

Then QR :“ TRpDRTRq
´1 is a genuine right inverse for DR and is uniformly

bounded.
We construct TR according to the following diagram:

LppRˆ S1,R2nq ˆ LppRˆ S1,R2nq
Q1ˆQ2 // W 1,ppRˆ S1,R2nq ˆW 1,ppRˆ S1,R2nq

GR
��

LppRˆ S1,R2nq

SR

OO

TR // W 1,ppRˆ S1,R2nq

We define TR :“ GR˝Q1ˆQ2˝SR where GR is a “gluing map” and SR is a “splitting
map”. The splitting map is defined as

SRpζq “ pζ1,ζ2q with

#

ζ1ps, ¨q “
`

1´ βps´ Rq
˘

ζps´ R, ¨q
ζ2ps, ¨q “ βps` Rqζps` R, ¨q

.

Given L ą 0, we define βLpsq :“ β
` s

L

˘

and we assume that β is such that
βLpsq “ 0 for s P r0,1s if L is big. We define the gluing map to be

GRpξ1,ξ2q “

´

1´ β R
2
psq

¯

ξ1ps` Rq `
´

1´ β R
2
p´sq

¯

ξ2ps´ Rq.

Note that since GR and SR are uniformly bounded, so is TR.
To conclude the theorem, one can show that

}DRTR´ Id} Ñ 0 as RÑ8.

�
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B.3.2. Coherent orientations. Let D : X Ñ Y be a Fredholm operator. Its deter-
minant is the 1-dimensional vector space

detpDq :“ Λmax kerpDq bΛmax
`

cokerpDq
˘_

.

An orientation of D is an orientation of this vector space.
One considers the real line bundle detÑ F pX , Y q over the space of Fredholm
operators, whose fiber above D is detpDq.

Lemma B.7. Assume D1 P O pR ˆ S1; S´, Sq and D2 P O pR ˆ S1; S, S`q are
surjective. For R big enough, if DR :“ D1#RD2 and QR is its right inverse, there
is a canonical isomorphism

φR : kerpD1q ‘ kerpD2q Ñ kerpDRq

defined by
φR :“ pId´QRDRq ˝ GR

where GR is the gluing map defined above.

A consequence of this Lemma is that there is a canonical isomorphism

(B.1) detpD1q b detpD2q Ñ detpDRq for R" 0.

Definition B.8. A system of coherent orientations on the space of operators

tO pRˆ S1; S´, S`q|S´, S` as above u

is an orientation of the determinant line bundle over each O pRˆ S1; S´, S`q,
which is compatible with the gluing operation via the canonical isomorphism
(B.1):

detpD1#RD2q » detpD1q b detpD2q.
This can be done because O pRˆ S1; S´, S`q is contractible.

Theorem B.9 ([FH94, BM04, BO09]). There exists a system of coherent orien-
tations.

Definition B.10. Assume a system of coherent orientations is given. We shall
define the sign attached in Floer coboundary operator to a Floer trajectory be-
tween two 1- periodic orbits with a difference of Conley-Zehnder index equal
to 1. The space of trajectories is of dimension 1, its quotient by the action of
R, M pγ´,γ`q, is of dimension 0. Given rus P M pγ´,γ`q, the dimension of
kerpDuq is equal to 1; this kerpDuq is spanned by xBsuy. The sign associated to
rus, ε

`

rus
˘

, is given by

#

`1 if orientation of kerpDuq given by xBsuy coincides with the coherent orientation
´1 if it is not the case.

Proposition B.11. Consider two broken Floer trajectories prus, rvsq and pru1s, rv1sq
which are the two ends of a 1-dimensional moduli spaceM px , yq. Then

ε
`

rus
˘

¨ ε
`

rvs
˘

` ε
`

ru1s
˘

¨ ε
`

rv1s
˘

“ 0.

This shows that #BM px , yq “ 0.
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