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Abstract

We adapt Gromov’s notion of ideal-valued measures to symplectic topology, and use
it for proving new results on symplectic rigidity and symplectic intersections. Further-
more, it allows us to discuss three “big fiber theorems”—the Centerpoint Theorem
in combinatorial geometry, the Maximal Fiber Inequality in topology, and the Non-
displaceable Fiber Theorem in symplectic topology—from a unified viewpoint. Our
main technical tool is an enhancement of the symplectic cohomology theory recently
developed by Varolgiines.
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1 Introduction and main results
1.1 Three big fiber theorems

In various fields of mathematics there exist “big fiber” theorems, which are of the
following type:

Foranymap f: X — Y in a suitable class there is yyp € Y
such that the fiber f~'(yo) is big.

The “suitable class” and “big” have different interpretations in different fields. Here
we will present three results which exemplify this principle.

Theorem 1.1 (Maximal fiber inequality, Gromov [12, p.758], [13, p.425]). Let Y be

a metric space of covering dimension d, and let p, n be positive integers such that

n > p(d + 1). Then for any continuous map f:T" — Y there is yo € Y such that
tk (H*(T") — H*(f ' () = 27.

Here H* stands for Cech cohomology with field coefficients. The suitable class con-
sists of continuous maps into metric spaces of a given covering dimension and the
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result is that there is a “big” fiber, namely the restriction map from the cohomology
of the ambient space T” to that of the fiber has large rank.

Theorem 1.2 (Topological centerpoint theorem, Karasev, [14, Theorem 5.1]). Let Y
be a metric space of covering dimension d, let p be a positive integer, and put n =
p(d+1). Then for any continuous map f: A" — Y, where A" is the n-simplex, there
is yo € Y such that f~'(yo) intersects all the pd-dimensional faces of A".

Here we have continuous maps from simplexes into metric spaces of a given covering
dimension, while a fiber is “big” if it intersects all the high-dimensional faces of the
simplex. The affine version of this theorem can be found in [6], a classical result proved
in a slightly different language by Rado, 1946 [25].

Our final sample result belongs to the field of symplectic topology. Recall that a
symplectic manifold is a pair (M, w) where M is a manifold and w is a closed 2-form
on M which is also nondegenerate, meaning that @2 4mM g 3 volume form. Given
f € C°°(M) its Hamiltonian vector field X  is uniquely determined by the equation
tx,w = —df. The Poisson bracket of f,g € C*(M) is the function {f, g} =
—w(Xy, Xy) =df(Xg); f, g Poissoncommuteif { f, g} = 0.If f € C°(M x[0, 1])
is a time-dependent function, then integrating the Hamiltonian vector field X } of
f: = f(.,t) yields a Hamiltonian isotopy ¢>}. The set of ¢} for all such f is the
Hamiltonian group Ham (M, w) of (M, w). A set S C M is displaceable if there is
¢ € Ham(M, w) such that ¢ (S) N S =@, and non-displaceable otherwise.

Let us describe the suitable class of maps defined on symplectic manifolds.

Definition 1.3 Let (M, w) be a symplectic manifold and let B be a smooth manifold.
We call a smooth map 7: M — B involutive if for all f, g € C°°(B) we have

{r*f,n*g} =0.

Theorem 1.4 (Non-displaceable fiber theorem, Entov—Polterovich, [7]). Let (M, )
be a closed symplectic manifold. Then for any involutive map w: M — B there is
bo € B such that 7~ (by) is non-displaceable.

Non-displaceable sets in a symplectic manifold are “big,” so this can be interpreted as
a “big fiber” theorem in symplectic topology.

Concepts used in the proofs of the above theorems. Both Gromov’s maximal fiber
inequality and Karasev’s topological centerpoint theorem can be proved using Gro-
mov’s notion of ideal-valued measures coming from Cech and singular cohomology.
Ideal-valued measures are the subject of Definition 1.6 (Sect. 1.2 below), and they are
used to prove the aforementioned results in Sect. 6. By contrast, Entov—Polterovich’s
result is proved using partial symplectic quasi-states defined via Floer homology,
which are seemingly unrelated concepts.

Our idea is to unify the two approaches, using a generalization of ideal-valued
measures to what we call symplectic ideal-valued quasi-measures (Definition 1.16),
defined on symplectic manifolds. Our main result, Theorem 1.22, states that any
closed symplectic manifold carries such an object, which also crucially satisfies some
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additional properties, and which arises from U. Varolgiines’s relative symplectic coho-
mology [29]. Armed with these, we

e Refine the non-displaceable fiber theorem, see Theorems 1.30, 1.31;

e Prove a symplectic version of the centerpoint theorem, see Theorem 1.32, and use
it to produce a new example of rigid symplectic intersections, Theorem 1.33;

e Define SH-heavy subsets of a symplectic manifold, which are a variant of Entov—
Polterovich’s notion of heavy subsets [8], and provide a simple algebraic criterion
which guarantees that two SH-heavy sets intersect, see Definition 1.35 and Propo-
sition 1.38. In Sect.1.6 we address a question about the connection between
SH-heavy and heavy sets and prove that under certain assumptions heavy sets
are necessarily SH-heavy.

Remark 1.5 In [8] it is shown that a heavy set is non-displaceable, but beyond that it
was unclear when two heavy sets should intersect. For instance, if L, L' C T2 are
meridians, then both of them are heavy, but they may or may not be displaceable from
one another. The two situations are when L, L’ lie in distinct homology classes versus
when they represent the same homology class and have zero geometric intersection
number. Using our notion of SH-heavy sets and the intersection criterion, we are able
to distinguish between the two situations, see Example 1.41.

1.2 Gromov’s ideal-valued measures: a review

In this section we review Gromov’s notion of ideal-valued measures, and introduce
the main example, the so-called cohomology ideal-valued measure. This will be used
in Sect. 6 to prove Theorems 1.1 and 1.2.

An algebra (A, ) over a field is called Zy,-graded if it decomposes as a direct sum
A= ok A' of graded components, where k is a nonnegative integer, such that

Al x AJ C At/ forall i, j. We say that A is skew-commutative if for homogeneous
a,b € A wehave ab = (—1)%PIpa, where | - | denotes the degree. In the rest of the
paper by an algebra we mean a graded skew-commutative associative unital algebra.
Note thatif k = 0, we obtain a Z-graded algebra. A typical example is the cohomology
ring of a space.

For future use note that if A is a Z-graded algebra, then we can produce a Z,y-graded
algebra A* ™4 2k called its mod 2k regrading, as follows:

(A% mod 26)li] _ @ Al for [i] € Zy.
j=i mod 2k

Anideal I C A is graded if it decomposes as the direct sum of its graded com-
ponents, thatis I = @,(I N A"). Equivalently, I is the kernel of a graded algebra
morphism A — B, that is an algebra morphism mapping A’ — B’ for all i. Note that
in skew-commutative algebras left, right, and two-sided ideals are equivalent notions.
We let Z(A) be the collection of graded ideals of A. We say that A is graded Noetherian
if every ascending sequence of graded ideals stabilizes. This is the case, for instance,
if A is Noetherian, and in particular if it is finite-dimensional.
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Definition 1.6 (Gromov, [13, Section 4.1]) Let X be a topological space and let A be
an algebra. An A-ideal-valued measure (an A-IVM) is an assignment U +— u(U) €
Z(A), where U C X runs over open sets, such that the following properties hold:

(i) (Normalization): (<) = 0 and u(X) = A;
(ii) (Monotonicity): w(U) C w(U")if U c U’;
(iii) (Continuity): if Uy C Uy C --- and U = |J; U;, then u(U) = J; n(U;);
(iv) (Additivity): w(U UU") = w(U) + n(U’) for disjoint U, U’;
(v) (Multiplicativity): uw(U) * w(U’) C n(U NU");
(vi) (Intersection): if U, U’ cover X, then w(U NU") = w(U) N w(U’).

Remark 1.7 The condition u(X) = A is called fullness in [13], however we opted
to include it as part of the normalization condition because we will only use IVMs
which satisfy it. Also, in Gromov’s definition additivity and intersection are stated for
countably many sets.

Remark 1.8 Note that the intersection property only holds for covers of X by two
subsets. The generalization to multiple sets is as follows: if Uy, ..., Uy C X cover X
pairwise, that is for each i # j, U; UU; = X, then (), u(U;) = M(ﬂ,' U,-).

Remark 1.9 Given an A-IVM p on a compact Hausdorff space we will use its natural
extension to compact sets defined by

wkKy= (] w.

U openDK

This extended function then satisfies the analogs of the monotonicity, multiplica-
tivity, and intersection properties. Note that if X is in addition a Gs-space,' then
the values of 1 on open sets are recoverable from those on compact sets via

n) = UK compactCU n(K).

Example 1.10 Given any algebra A and a compact connected Hausdorff space X, the
trivial A-IVM on X is given by u(U) =0 forall U C X and pu(X) = A.

Example 1.11 Here we describe two fundamental examples of IVMs: the Cech coho-
mology IVM and the singular cohomology IVM.

e Let H* denote Cech cohomology with coefficients in a fixed field. Letting X be a
compact Hausdorff space and A = H*(X) and putting

1w(U) = ker (H*(X) — H*(X \ U))

for open U C X yields an IVM, called the Cech cohomology IVM (Gromov, [13,
Section 4.1]). Note that A is Z-graded.

I Asetina topological space is G s if it is a countable intersection of open sets. A space is G if each closed
set is Gg. In our case, since X is compact and Hausdorff, being G implies, by passing to complements,
that each open set is a countable union of compacts, whence the conclusion.
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e In this example H™* stands for singular cohomology with fixed field coefficients.
We will describe the singular cohomology IVM on a compact Hausdorff space
X.Let A = H*(X) and note that A is likewise Z-graded. The idea is to take the
construction of the previous example and regularize it: for compact K C X we
put

w(Ky= () ker(H*(X) > H*(X\U)),
U openDK

and for open U C X we let

py= | .

K compactCcU

Remark 1.12 e Regularization refers to the standard approximation of compact sets
by open sets and of open sets by compacts. It is needed for the continuity property
of the singular cohomology IVM.

e Thereason we first define the singular cohomology IVM for compact sets is to make
it similar to our definition of ideal-valued quasi-measures based on Varolgiines’s
relative symplectic cohomology, where we must use restriction maps to compact
sets, see Definition 1.23.

e If X is a closed manifold, then the singular cohomology and the Cech cohomology
IVMs coincide, because singular cohomology and Cech cohomology coincide on
codimension zero compact submanifolds of X with boundary, and any compact
set K can be approximated by such submanifolds containing K in their interior.
Henceforth we will refer to either IVM on X as the cohomology IVM.

IVMs provide a conceptual framework in which to prove Karasev’s topological
centerpoint Theorem 1.2. Similarly, Gromov’s Theorem 1.1 can be proved using a
general result about IVMs, Theorem 6.7, also due to Gromov [13, Section 4.2].

1.3 Symplectic ideal-valued quasi-measures

Here we present a new notion, symplectic ideal-valued quasi-measures. These are a
suitable generalization of [VMs in the setting of symplectic manifolds, and are central
to the results of the present paper. Throughout this section, (M, w) is a fixed closed
symplectic manifold.

Definition 1.13 We say that two compact subsets K, L C M commute if there are
Poisson-commuting f, g € C®(M, [0, 1]) such that K = f~1(0), L = 2~ 10). Two
open sets commute if their complements commute.

Remark 1.14 1t is not hard to see that two closed (respectively, open) sets commute

if and only if they are the preimages of two closed (respectively, open) subsets by an
involutive map M — B.
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Example 1.15 We leave it as a nice exercise for the reader to show that any two disjoint
open sets commute, as do any two disjoint compact sets.

Definition 1.16 Fix an algebra A. A symplectic A-ideal-valued quasi-measure (sym-
plectic A-IVQM) on (M, w) is an assignment U +— 7(U) € Z(A), where U ranges
over open subsets of M, such that 7 satisfies all of the properties of an A-IVM, with
the exception of the multiplicativity axiom, which is replaced by the weaker

e (quasi-multiplicativity): T(U) * t(U’) C T(U N U’) whenever U, U’ commute.

Remark 1.177 e Any A-IVM on M is also a symplectic A-IVQM.
e For brevity, from this point on we will usually refer to symplectic IVQMs simply
as IVQMs.
e Analogously to IVMs, we extend an A-IVQM t to compact sets by

(K)y= (1] t).

U openDK

This extension satisfies the analogs of the monotonicity, quasi-multiplicativity, and
intersection properties.

e In the concrete examples of IVQMs we will construct the quasi-multiplicativity
actually holds for more general pairs of subsets, see Sects. 2.2, 4.8.3, but the stated
property is easier to formulate, and it suffices for applications.

In what follows, Symp, (M, w) stands for the identity component of the group of
symplectomorphisms of (M, w).

Definition 1.18 For an A-IVQM t on (M, w) we define two further properties:

e (invariance): if ¢ € Sympy(M, w), then (¢ (U)) = t(U) forall U.
e (vanishing): if K C M is a displaceable compact set, then (M \ K) = A, and
there is an open U such that K C U and t(U) = 0.

Remark 1.19 e If 7 is an IVQM which satisfies the vanishing property, then its exten-
sion to compacts, as in Remark 1.17, satisfies t(K) = 0 if K is a displaceable
compact set.

e Let now  be an arbitrary A-IVQM, where A is finite-dimensional.> If K C M is
compact and 7(K) = 0, then there is an open U D K with (U) = 0. In particular
for such algebras A the second half of the vanishing property is equivalent to
requiring 7 (K) = 0 for all displaceable compact K.

Remark 1.20 The trivial A-IVM (see Example 1.10 above) satisfies the invariance
property. If A # 0 and M has positive dimension, then the trivial A-IVM does not
satisfy the vanishing property.

In order to formulate our main result, we need to recall the notion of quantum
cohomology of M, as well as the relative symplectic cohomology for compacts in M,
recently introduced by U. Varolgiines [28, 29].

2 Or, more generally, graded Artinian, that is each descending chain of graded ideals stabilizes.
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Fix a base field I, and recall that the corresponding Novikov field® is

)
A= {ZCiTAi‘CiGF,RB)\,,‘ —> 00 .

£ i—o0
i=0

The quantum cohomology of M with coefficients in A is additively the singular coho-
mology

regraded modulo 2N, where Ny, is the minimal Chern number of M. The product
operation on Q H*(M) is given by the quantum product [18]. More specifically, we
use its T-weighted version, given for a, b € H*(M; A) of pure degree by

axb= Z PD(GW4 (a, b, -)) T{1€19),
a€Hy)(M;Z)

where GWS (-, -, -) is the genus zero 3-point Gromov—Witten invariant in class o, PD
is the Poincaré duality, which transforms functionals on cohomology into cohomology
classes, and [w] is the de Rham cohomology class of w.

In [29] Varolgiines defined, for each compact K C M, its relative symplectic
cohomology SH*(K; A). This invariant has the following properties, among others:

e Each SH*(K; A) is a Zyp,,-graded unital associative skew-commutative algebra
over A, and SH*(M; A) = QH*(M) as an algebra [27];

e For K C K’ there is arestriction map res? :SH*(K'; A) — SH*(K; A), which
is a graded unital algebra morphism, such that res§ = id, and if K ¢ K’ C K",
then resllg, o resg/ = resf/;

e The Mayer-Vietoris property: if K, K’ commute, the restriction maps fit into a
long exact sequence

’ !
(resllgw( , res’lgw( )

coo > SHY(KUK'; A) SH*(K; A)® SH*(K'; A)

K _
CSknk

resﬁ;ﬁl{/ * / +1
SH*(KNK'; A) — ...

e If K is displaceable, then SH*(K; A) = 0.
See [29], and Sects. 2.1, 4.8.3 (Definition 4.19) for a precise definition of SH*(K; A).
Remark 1.21 Note that SH* has a Zyy,,-grading, rather than merely a Z,-grading.

The reason for this is that in our version of SH* we only use 1-periodic Hamiltonian
orbits which are contractible in M. See also Remark 2.3.

3 Sometimes referred to as “the universal Novikov field.”
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We define a set function t with values in the graded ideals of Q H* (M), as follows:

T(K) = m ker(res%\U: QH*(M) = SH*(M; A) — SH*(M \ U; A))
U openDK

for compact K C M and

(= |J

K compactCU

foropen U C M.
We can now formulate our main result.

Theorem 1.22 (Main theorem). The function t is a symplectic Q H*(M)-IVOM on M
satisfying the invariance and vanishing properties.

Definition 1.23 The Q H*(M)-IVQM t is called the quantum cohomology IVQM.

By far the most nontrivial property which needs to be proved for 7 is quasi-multiplica-
tivity. To this end we develop the tool of a relative symplectic cohomology of pairs,
and the whole of Sect.4 is dedicated to the proof of its existence.

Remark 1.24 Note that if K is compact, then t(K) = ﬂU open>K 7(U). In other
words, had we used the values of t on open sets and extended it to compact sets as in
Remark 1.9, we would have recovered the values of 7 on compacts as defined above.

Remark 1.25 One of the key features of IVQMs is as follows, see Proposition 6.9:
The pushforward of an IVOM under an involutive map is an [VM.

Pushforwards are the subject of Definition 6.4. This proposition allows us to take the
quantum cohomology IVQM on a given symplectic manifold, push it forward by an
involutive map, obtain an IVM, and then apply to it the corresponding results relating
to IVMs. See Sect. 6 for details.

The proof of the main theorem uses Floer theory. However, on S2, we can describe an
IVQM in elementary terms, as follows:

Proposition 1.26 Fix a nonzero algebra A, and equip S* with an area form of total
area 1. Then there exists a unique A-IVOM t on S?, with the following property:
if D C §? is an open disk with smooth boundary, then t(D) = 0 provided that D
has area < % and T(D) = A otherwise. It satisfies the invariance and vanishing
properties.

Sketch of proof. First, we will show that the intersection, additivity, and continuity
properties determine t uniquely, given its values on disks with smooth boundary. If
U is a connected open set with smooth boundary, let S> \ U = D; U --- U Dy be
the decomposition into connected components, which are closed disks with smooth
boundary. Put U; = §2 \ D;. Then the sets Uy, ..., Uy are open disks with smooth
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boundary, and they form an open pairwise covering of S, that is for each i # j,
UiuU; = S2. Tt follows from the intersection axiom that W) =tWUpn---Nt(Uy),
and since the values of t(U;) are given, this recovers the value t(U). The additivity
axiom recovers the values of 7 on any open subset which has smooth boundary and
finitely many connected components.

Finally, if U C S? is any open set, it can be represented as an increasing union
U = ;e Ui of open sets with smooth boundary and finitely many components, and
thus 7(U) is recovered from the continuity property: 7(U) = Ui T(U;).

To prove that this object is indeed an A-IVQM requires technical work using tools
of 2-dimensional geometry and topology. We emphasize that 7 is only an A-IVQM
and not an A-IVM. Indeed, if K, L C $2 are two transversely intersecting equators,
then7(K) =t(L) = Abutt(KNL) =02 A = 1t(K) * t(L), which shows that
the multiplicativity property fails. O

1.4 Quantitative non-displaceable fiber theorem

In this section we formulate and prove a refinement of Theorem 1.4.

Definition 1.27 Let (M, w) be a symplectic manifold and let ¥ be a topological space.
We call a continuous map f: M — Y involutive if there is a (smooth) involutive map

7: M — B and a continuous map f: B — Y such that f = f o 7.

Note that smooth involutive maps are involutive in this generalized sense.
Next, we need to define multiplicative ranks of algebras, see [13].

Definition 1.28 Let (A, x) be a finite-dimensional algebra. For » > 1 put
A" = (I € Z(A) | dim A/T < r}.

For d > 1, the d-rank of A, denoted rk; A, is defined as the maximal r for which
(A / r)*d £ 0.

Example 1.29 Note that A/! = A.If A # 0, this implies that rkg A > 1 for all d. Also
note that A/(dimA+D — 0, therefore rk; A < dim A for all 4.

Theorem 1.30 Let A be a finite-dimensional algebra, and let (M, w) be a closed

symplectic manifold equipped with an A-IVOM t. If Y is a metric space of covering
dimension d, then for any involutive map f: M — Y there is yo € Y such that

dim A/t (M \ £~ (30)) = tka+1 A

If furthermore A # 0 and t satisfies vanishing, then f~'(yo) is non-displaceable.

Theorem 1.30 is proved in Sect.6. As a particular case of this result, we obtain the
following generalization of the Non-displaceable fiber theorem 1.4.

W Birkhauser
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Corollary 1.31 (Quantitative non-displaceable fiber theorem). Let (M, w) be a closed
symplectic manifold, Y a metric space of covering dimension d, and let f: M — Y
be a continuous involutive map. If t is the quantum cohomology IVOM on M, then
there is yo € Y such that

dimy QH*(M)/t(M \ f~'(30)) = tkap1 QH*(M).

In particular f~'(yo) is non-displaceable. O

1.5 Rigid fibers of involutive maps and symplectic rigidity

Let us formulate the existence of rigid fibers in the context of involutive maps.

Theorem 1.32 Let (M, w) be a closed symplectic manifold equipped with an A-IVOQM
T, where A is an algebra. Let I € T(A) be a graded ideal such that I*“+tV = 0 for
some d > 1. If Y is a metric space of covering dimension d, then any continuous
involutive map f: M — Y has a fiber which intersects each closet subset Z C M
such that I C t(Z).

This is proved in Sect.6, as a consequence of the corresponding topological result,
Corollary 6.3.

We will now formulate a new example of rigid symplectic intersections, whose
proof, which appears in Sect.5.1, is based on a concrete example of Theorem 1.32.
Consider the standard symplectic 6-torus T® with coordinates pi,qi,i = 1,2,3 and
symplectic form w = dp A dg. For a, b, ¢ € T? consider the following coisotropic
subtori:

Ti(@) = {(p.q) € T®| (g1, ¢2) = a},
Ta(b) = {(p, q) € T®| (p1, p3) = b},
T5(c) = {(p,q) € T® | (p2, q3) = c}.

Let
T(a,b,c) =Ti(a) UT(b)UT3(c).

In the next theorem an equator is any smoothly embedded circle in S? dividing it into
two disks of equal area.

Theorem 1.33 Let B be a surface. Then any involutive map T® x S* — B has a fiber
which intersects every set of the form

T (a, b, c) X equator.

Remark 1.34 Let us comment on the sharpness of the various assumptions in this
theorem:

) Birkhauser



88 Page120f92 A. Dickstein et al.

e The dimension of B cannot be increased. Indeed, consider the involutive map
[T x $* — T3, (p.q:2) = (q1.p2. p3). Let 1 = (qf., ph. py) € T°. If
(a,b,c) € T is such that a; # g, by # py. c1 # ph, then the fiber f~1(2) is
disjoint from 7 (a, b, ¢) x S.

e The involutivity assumption is essential. Consider the non-involutive projection
7:TO x §?2 — §2, and let w € S%. Let L C S? be an equator such that w ¢ L.
Then any T (a, b, ¢) x L is disjoint from 7~ (w) = T® x {w}.

e The union of just two coisotropic tori does not work: consider the involutive map
f:T® x §2 — T2, (p.q;z) — (q1, p3), and let r = (q1, P5) € T2. For any
a,b € T? such that a; # g} and by # p} the fiber f~1(z) is disjoint from
(Ti(@) UT2()) x >

1.6 SH-heavy sets

In [8] Entov—Polterovich defined a special class of compact subsets of a closed sym-
plectic manifold, the so-called heavy sets (see Sect.5.5 for a reminder). They proved
that a heavy subset is non-displaceable, however it remained unclear in general when
two heavy sets should intersect. Here we address this problem to a degree.
Throughout this subsection, t stands for the quantum cohomology IVQM on the
appropriate symplectic manifold. First, let us introduce the suitable class of subsets.

Definition 1.35 Let (M, w) be a closed symplectic manifold. We call a compact set
K C M SH-heavy if t(K) # 0.

Remark 1.36 A different hierarchy of rigid subsets of symplectic manifolds based on
Varolgiines’s relative symplectic cohomology was introduced in [2, 27]. It would be
interesting to explore its relation to SH-heaviness.* Here we will only point out the fact
that for acompactset K C M in aclosed symplectic manifold (M, w) wehave t(K) =
QH*(M) if and only if K is SH-full in the terminology of [27], thatis SH*(K') =0
for each compact K’ C M disjoint from K. Indeed, if K is SH-full and U D K is
open, then SH*(M \ U; A) = 0, therefore 7(K) = (yopensk ker (SH*(M; A) —
SH*(M\U; A)) = SH*(M; A) = QH*(M). Conversely, if t(K) = QH*(M)
and K’ is compact and disjoint from K, then from the definition of 7 it follows that
ker (SH*(M; A) — SH*(K'; A)) = SH*(M; A), or equivalently that the unit of
Q H*(M) is killed by the restriction resAK”,. Since restriction maps are unital ([27]), it
follows that the unit of the algebra S H*(K’; A) vanishes, therefore SH*(K’; A) = 0.

The following is an immediate consequence of the vanishing property of t:
Proposition 1.37 SH-heavy sets are non-displaceable. O
Next we formulate an algebraic criterion for nondisplaceability.

Proposition 1.38 Let K, K' C M be compact sets in a closed symplectic manifold
(M, w). Ift(K)*t(K') # 0, then K, K’ are SH-heavy and cannot be displaced from
one another by a symplectic isotopy.

4 Added in revision: See [17] for advances in this direction.
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Proof The assumption clearly implies that 7(K), 7(K’) # 0, whence the first
assertion. If ¢ € Sympy(M, w) displaces K’ from K, then by the invariance and
multiplicativity properties we have:

T(K)*xt(K') = t1(K) x 1(¢(K")) C 1(K Np(K")) = 1(2) =0,

contradicting the assumption. O

The following theorem provides examples of SH-heavy subsets in standard sym-
plectic tori. In its formulation we identify

QH*(T™) = H*(T?"; A) = H*(T"; A) ® H*(T"; A)

using the Kiinneth formula, while for a space X, nx denotes the cohomology IVM on
X (see Example 1.11).

Theorem 1.39 Let M = T?* = T"(p) x T" (q) be endowed with the symplectic form
w=dp ANdq and let S C T" be a closed subset. Then

T(S x T") = up(S x T
= u(S) @ H*(T"; A) € H*(T"; A) @ H*(T"; A) = H*(M; A).

In particular S x T" is SH-heavy if S # @. The same results hold if S is open.

This theorem is proved in Sect.5.2 as a consequence of Theorem 1.46, see Sect. 1.7,
where we also present additional computations of symplectic cohomology.

We will now present a nontrivial instance of the use of Proposition 1.38, based on
Theorem 1.39. For this we will need on the following Kiinneth-type lemma, proved
in Sect. 5.1, where t stands for the quantum cohomology IVQM on M, N, M x N:

Lemma 1.40 Let M, N be closed symplectic manifolds and let K C M, L C N be
compact sets. If N\ L decomposes into a finite number of pairwise disjoint displaceable
subsets, then T(L) = SH*(N; A), and moreover the Kiinneth isomorphism

Wi SH*(M; A) ® SH*(N; A) — SH*(M x N; A)

maps T(K) @ t(L) = t1(K) ® SH*(N; A) into t(K x L).

We refer the reader to [28] for the definition of the Kiinneth morphism for compact
subsets of M, N. In general it is neither injective nor surjective, however when the
sets in question are M and N themselves, it can be shown to be an isomorphism.

Example 1.41 Let L = {pt} x T"(q), L' = T"(p) x {pt} C T?" be linear Lagrangian
tori. Since ker (H* (T"; Ay — H*(T" \ pt; A)) is spanned by the volume class, we
have, according to Theorem 1.39:

T(L) = A -[dpi A -+ Adp,] @ H*(T"; A) = H*(T*"; A) - ([dp1 A -+ Adpy]),
and similarly t(L') = H*(Tzn; A)-([dg1 A--- ANdgul).
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In particular we see that (L) * t(L’) is spanned by [@"], therefore nonzero. By
Proposition 1.38, L, L’ cannot be displaced from one another by a symplectic isotopy.
Of course, since the homological intersection number of L, L’ is nonzero, they in
fact cannot be displaced from one another even by a smooth isotopy. To obtain a
nontrivial example, we take the product with an equator £ C S2, namely let us
identify SH*(T?"; A)®SH*(S%; A) with SH*(T?" x §2; A) by means of the Kiinneth
isomorphism v from Lemma 1.40, which then implies

(Lx E)Dt(L)® QH*(S?), (L' x E)>t(Ll)® QH*(S?),
whence

(L x E)xt(L' x E) D (t(L) @ QH*(5%)) * (t(L") @ QH*(S?))
= (t(L) * (L) ® QH*($*) = H*(T*"; A) - ([0"]) ® QH*(S%) # 0,

which by Proposition 1.38 implies that L x E and L’ x E cannot be displaced from
one another by a symplectic isotopy. That these subsets cannot be displaced from one
another by a Hamiltonian isotopy was proved in [15] by different techniques. Note
that the intersection number argument no longer applies, and indeed L x E, L’ x E can
be displaced from one another by a smooth isotopy. Note as well that L x E, L' x E
are heavy, but the technology of [8] cannot guarantee a rigid intersection for them.

It would be interesting to understand the connection between heavy and SH-heavy
sets. In fact, we propose the following

Conjecture 1.42 A compact subset of a closed symplectic manifold is heavy if and only
if it is SH-heavy.

Here we would like to prove that under certain assumptions, heavy sets are SH-heavy.
First, recall that a symplectic manifold (M, w) is symplectically aspherical if @ and
c1(M) vanish on > (M). Next, a cooriented hypersurface ¥ C M is of contact type
if there exists a vector field Y defined on a neighborhood of ¥ satisfying Lyw = w,
and such that along X, Y points everywhere in the positive direction. Note that in this
case @ := (tyw)|y is a contact form on X. Lastly, ¥ is incompressible if the map
m1(X) — (M), induced by the inclusion, is injective.

If ¥ is an incompressible cooriented hypersurface of contact type in a symplecti-
cally aspherical manifold (M, w) and all the contractible® Reeb orbits of & on X are
nondegenerate, then we can unambiguously assign a Conley—Zehnder index to each
such orbit y, as follows: y admits a contracting disk # in X, and if £ = kero is
the contact structure on X, then u*¢ is trivializable and a trivialization allows us to
assign an index to y. Since ¢1(§) = ¢ (M)|x and ¢1(M)|z,m) = 0 by the symplectic
asphericity, the index is independent of the choice of the contracting disk.

5 Added in revision: The “if” direction was proved in full generality in [17]. See also [26] for an earlier
partial result in the same direction.

6 Note that thanks to the incompressibility of ¥, contractibility may equivalently mean either in X or in
M.
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Definition 1.43 (See [27]). Let (M, w) be symplectically aspherical and let ¥ C M
be an incompressible cooriented hypersurface of contact type. We say that X is index-
bounded if there exists a vector field Y near X as above, such that all the contractible
Reeb orbits of (tyw)|y are nondegenerate and such that for each k € Z the set of
periods of the contractible Reeb orbits of Conley—Zehnder index k is bounded.

Convention For the rest of the paper, by a region in a closed manifold we mean a
compact codimension zero submanifold with (possibly empty) boundary.

If W C M is aregion, we say that W has contact-type boundary or that it is a
contact-type region if d W is of contact type relative to the outward coorientation. We
then have the following result, where 7 is the quantum cohomology IVQM on M:

Theorem 1.44 Let (M, w) be closed and symplectically aspherical. Let K C M be
a compact set such that there is a sequence W; of contact-type regions with incom-
pressible index-bounded boundary such that K C Int W; for each i and such that
K =(); Wi. If K is heavy, then for each i we have

M
[ Vol] € ker resw—f,

which implies that [Vol] € ©(K) = ﬂi ker res%, and in particular that K is SH-
heavy. l

Here [Vol] € H?'(M; A) is the volume class. Theorem 1.44 is proved in Sect.5.5.
We have the following immediate consequence.

Corollary 1.45 If (M, w) is closed and symplectically aspherical and K is a heavy
contact-type region with incompressible index-bounded boundary, then K is SH-heavy.

Proof Let ¥ = 9K. Then there is a neighborhood of ¥ which is diffeomorphic to
¥ x (1 —e€, 1 4€),, such that the vector field r 9, points outwards along ¥ = ¥ x {0},
and such that £, @ = w. In particular W; = KU (X x [0, €/2i]) are as in the theorem
and the assertion follows. O

1.7 Quantum IVQM versus cohomology IVM

In this section (M, w) stands for a closed symplectically aspherical symplectic mani-
fold, and 7 is the quantum cohomology IVQM on M. Theorem 1.39 is a consequence
of the following result, proved in Sect. 5.4:

Theorem 1.46 Let K C M be a region with ¥ = 0K, such that ¥ < M extends to
a smooth embedding (—e, €) x ¥ — M such that no {p} x X carries closed char-
acteristics which are contractible in M, for |p| < €. Then SH*(K; A) = H*(K; A)
and the restriction map SH*(M; A) — SH*(K; A) coincides with H*(M; A) —
H*(K; A).

For the remainder of this subsection, i is the cohomology IVM on M, see Exam-
ple 1.11 above.
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Corollary 1.47 Under the assumptions of Theorem 1.46, we have T(K) = w(K) =
ker (H*(M; A) — H*(M\K; A)).

Proof Let us identify (—e, €) x ¥ with its image under the embedding appearing in
the formulation of the theorem. The sets Qs := M \ (K U ([0, §) x X)) for § € (0, %)
are cofinal in the collection of compact sets disjoint from K, whence

7(K) = ﬂ ker (QH*(M) — SH*(Qs; A)).

3€(0,%)
Since each Qs also satisfies the assumptions of the theorem, it follows that
ker (QH*(M) — SH*(Qs; A)) = ker (H*(M; A) — H*(Qs; A)),

which equals ker (H*(M; A) - H*(M\K; A)) since each Qs is a deformation
retract of M \ K. Thus

T(K) = ker (H*(M; A) > H*(M \ K; A)),

which also equals w(K) by the same arguments. O

We also include results regarding regions with contact-type incompressible index-
bounded boundary. Given a contact-type region K, we let K be the completion of K,
obtained by attaching to it the positive end of the symplectization of 0K . In Sect.5.3.2
we will define S HC*I(I? ; A), the classical symplectic cohomology of K, asin [30]. In
Sect. 5.3 we will prove the following result:

Theorem 1.48 Let K C M be a contact-type region with incompressible index-
bounded boundary. Then:

(1) SH*(K; A) is canonically isomorphic to SHC’ﬁ(I/(\; A);

(ii) ker (H*(M; A) — H*(K; A)) C ker (res) : SH*(M; A) — SH*(K; A)).
Remark 1.49 This result can be interpreted as a kind of excision property for rela-
tive symplectic cohomology under these assumptions. Another result in this direction
appears in [11]. It would be interesting to understand the relation between the two.

Based on this result, and using the arguments of Corollary 1.47, we can prove:

Corollary 1.50 Under the assumptions of Theorem 1.48, we have
TtM\K)DuM\K). O

Remark 1.51 Note that this corollary, as well as Corollary 1.47, fail without the
assumptions. Indeed, in the sphere S? let K be a closed disk with smooth bound-
ary and area > % Then §2 \ K is an open disk with smooth boundary of area < %,
and thus 7(S2\K) = 0 (see Example 2.4), whereas 1+(S? \ K) is spanned by the area

class, and in particular is nonzero.

For additional computations of relative symplectic cohomology under related
assumptions see [26].
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1.8 Discussion
1.8.1 Persistence modules and symplectic cohomology

Varolgiines’s symplectic cohomology is constructed as a module over the Novikov
ring A >¢. Here we only use the invariant obtained by tensoring with the Novikov field
A, which forgets torsion. This operation is unnecessary for many constructions in
this paper. It would be interesting to understand and apply the additional information
carried by the torsion part.

Novikov modules, that is modules over Ao, can carry an additional struc-
ture, namely a valuation, which in turn gives rise to persistence modules (see for
instance [24] for preliminaries on persistence modules in the symplectic context). All
the symplectic cohomology modules come with natural valuations. Some elementary
examples show that the cokernel of the restriction map SH*(M) — SH*(M\U) is
a Novikov module which can have non-trivial torsion. The latter can be interpreted
as a persistence module whose structure is encoded by combinatorial invariants, the
barcodes (see ibid.). Thus, to every subset of M there correspond a persistence module
and its barcodes. Understanding the algebraic structure behind this correspondence
should undoubtedly lead to new applications of symplectic cohomology.

1.8.2 Rigidity of open covers and multi-intersections

In [7], Entov and Polterovich proved the following theorem.

Theorem 1.52 (Entov—Polterovich). Let (M, w) be a closed symplectic manifold, let
U ={Uy, ..., Upn} be a finite open cover of M and let {¢1, ..., N} be a partition of
unity subordinated to U. If for every 1 < i, j < N we have {¢;, ¢;} = 0 then there
exists an element of U which is non-displaceable.

Using symplectic IVQMs, we can generalize this result. To this end, we need the
following generalization of Poisson commutation to several sets.

Definition 1.53 Let (M, w) be a symplectic manifold. Let {Ay, ..., Ay} be a collec-
tion of open (respectively, closed) subsets of M. We say that {Ay, ..., Ay} Poisson
commutes if there is a smooth involutive map w: M — B and open (respectively,
closed) subsets By, ..., By C B suchthat A; = 7~ 1(B;) for every 1 <i < N.

Remark 1.54 e Note that for two subsets, this definition is equivalent to Defini-
tion 1.13.

e Ifacollectionof sets Ay, ..., Ay Poisson commutes, where all the sets are simul-
taneously open or closed, then so does the closure of {A;}; under unions and
intersections.

Now we can formulate our generalization.

Proposition 1.55 Let (M, w) be a closed symplectic manifold, let A be an algebra,
and fixan A-IVOM o on M. If K1, ..., Ky C M is a Poisson commuting collection
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of compacts with (); K; = &, then
[[okn=o.
i
Proof Thanks to Remark 1.54, each K; commutes with K1 N --- N K;_1, therefore

[[ok) co(NiKi)=0(@)=0

by induction and the quasi-multiplicativity property of . O
Proof of Theorem 1.52 The map ® = (¢, ..., ¢n): M — R is involutive, since the
¢; pairwise Poisson commute. The sets K; := ¢, 1(0) therefore form a commuting
collection of compacts. Moreover ﬂi K, = @ since {¢1, ..., oy} is a partition of
unity.

Let t be the quantum cohomology IVQM on M. Thanks to Theorem 1.55, we have

[[r&kn =0,

i

which implies that there exists i = 1, ..., N such that 7(K;) # QH*(M). Since the
collection ({¢; < a})q=0 is cofinal in the family of all open sets containing K;, we
obtain

r(Ki) = () t(lgi <)),

a>0

which implies the existence of « > 0 with r({(p,- < a}) # QH*(M). Thanks to the
vanishing property of 7, it follows that {¢; > «} = M \ {¢; < «} is non-displaceable,
and therefore so is the larger set U;. O

Note that Theorem 1.55 admits the following equivalent formulation: Let Uj,
..., UN be a Poisson commuting open cover of M. Then

[[em\un=o0. )]

Example 1.56 Let M be the two-dimensional torus R?/Z? equipped with the form
dp A dg and let T be the quantum cohomology IVQM on M. Consider annuli Q =
{0 < g <aland P = {0 < p < b} with a,b € (0, 1). Consider the rectangle
M\ (P U Q), and denote by R a slightly bigger open rectangle. By Theorem 1.39 we
have T(P¢) = A-[dp]land T (Q€) = A-[dq], where A = Q H*(M). Additionally, [27,
Corollary 1.15] implies that 7(R¢) = A. Indeed, [27, Corollary 1.15] implies that
for every closed disk D in M we have SH(D; A) = 0, in particular ker res% =
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SH(M; A) = A. Thus, since R is an open disk in M, we see that

T(R%) = ﬂ ker res%\U = ﬂ kerres) = A.
U openDR¢ D closed diskCR

It follows that
T(P°) - t(Q°) - T(R) = A-[dp Adq] # 0,

that is (1) does not hold for the open cover P, Q, R, which means that it does
not Poisson commute. Furthermore, by the invariance property of t and Theo-
rem 1.55, for every triple of symplectomorphisms f, g, 7 € Symp,(M) the images
f(P), g(Q), h(R) cannot form a Poisson commuting cover of M.

Given a closed symplectic manifold M, Proposition 1.55 implies thatif Ky, ..., Ky
are closed subsets with [[; 7(K;) # 0, where 7 is the quantum cohomology
IVQM of the manifold, then there are no ¢, ..., ¢y € Sympy(M, w) such that
(K1), ..., ¢(Ky) Poisson commute and (), ¢; (K;) = @.

Note as well that in [29] Varolgiines defined an invariant SH*(Ky, ..., K,) for
arbitrary compact K1, ..., K, C M, which vanishes if the K; commute. This invariant
then measures, in a sense, the non-commutativity of the given sets. It is interesting to
understand how this invariant is related to discussion in this section.

1.8.3 Lagrangian IVQMs

Fix a closed Lagrangian submanifold L C M. In [27] Tonkonog and Varolgiines pre-
sented an extension of Varolgiines’s relative symplectic cohomology to the Lagrangian
setting, where the Hamiltonian Floer cohomology H F*(H) of a Hamiltonian H is
replaced by the Lagrangian Floer cohomology H F*(L, H). Itis natural to expect that,
arguing along the lines of the present paper, one can arrive at an IVQM on M based
on the Lagrangian quantum ring Q H*(L) (see the paper [1] by Biran and Cornea for
a detailed introduction to this ring for monotone Lagrangian submanifolds). Note that
this ring is graded, but in general not skew-commutative, so one has to work out how
to extend the notion of an IVQM to non-commutative algebras.

“Big fiber” theorems for such a Q H*(L)-IVQM should yield further symplectic
intersection results. For instance, an analogue of Theorem 1.30 above should yield
the following result due to Varolgiines: Every involutive map M — B admits a fiber
which cannot be displaced from L by a Hamiltonian isotopy (see [29, Theorem 1.4.1]
and [15, Corollary 1.11]).

Organization of the paper: In Sect.2.1 we briefly recall the definition of Varolgiineg’s
symplectic cohomology for compact subsets of symplectic manifolds. In Sect.2.2 we
formulate a list of axioms for a relative symplectic cohomology for pairs of compact
subsets. We then state Theorem 2.7, which is an existence result for such an object. We
then use it to prove our Main Theorem 1.22 in Sect. 3, thus establishing the existence of
the quantum cohomology IVQM. Section4, which is the technical heart of the paper,
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is dedicated to the proof of the existence of a relative symplectic cohomology of pairs,
Theorem 2.7, using a combination of Floer theory with tools of homotopical algebra.
Section 5 contains the proofs of the results formulated in Sect. 1.4 (quantitative non-
displaceable fiber theorem), Sect. 1.5 (a new example of symplectic rigidity), Sect. 1.6
(SH-heavy sets), and in Sect. 1.7 (additional computations of SH). Last, but not least,
Sect. 6 is dedicated to a streamlined exposition of the use of IVMs in the proofs of big
fiber Theorems 1.1, 1.2, as well as the relation between IVMs, IVQMs, and involutive
maps, and how these imply the quantitative non-displaceable fiber Theorem 1.30, the
existence of rigid fibers of involutive maps, Theorem 1.32, and our new symplectic
intersection result, Theorem 1.33.

2 Relative symplectic cohomology of pairs

In this section we briefly review a definition of Varolgiines’s relative symplectic coho-
mology [28, 29]. The proof of our Main Theorem 1.22, which appears in Sect.3,
is based on a new invariant—a relative symplectic cohomology of pairs—which we
introduce in Sect. 2.2 using an axiomatic approach. Throughout this section (M, w) is
a fixed closed symplectic manifold.

Let us begin by detailing our sign conventions regarding Floer theory.

e An almost complex structure J on M is compatible with  if w(-, J-) is a Rie-
mannian metric.

e The symplectic action of a loop x capped by a disk u relative to a Hamiltonian H
is Ap(x,u) = [ H(x(0)di — [u*o.

e The Floer equation we use corresponds to the positive gradient flow of the action
functional: d;u — J(u)(0;u — Xy (1)) = 0. Similarly for continuations maps,
homotopies, and so on.

Remark 2.1 Our sign conventions differ from those of [29]. The two are related by time
reversal. In detail, if H is a time-dependent Hamiltonian, x isaloopin M,u: Rx S LN
M is a smooth map, and (J;); is a loop of almost complex structures on M, we define
the corresponding time-reversed objects H,x,u,and J by ﬁ, =H_;,x(t) = x(—1),
u(s, 1) = u(s,—t),and J, = J_;. Then x — X is a bijection between the 1-periodic
orbits of H according to the conventions of [29] and those of H according to our
conventions. The induced map on Floer complexes is an isomorphism, provided we
use J in Varolgiines’s Floer equation and J in ours, since u solves the former if and
only if u solves the latter. Note in particular that this means that appropriately defined
(cohomological) spectral invariants for autonomous Hamiltonians are identical in the
two conventions, since time reversal has no effect.

2.1 Relative symplectic cohomology

We will now briefly review the definition of the relative symplectic cohomology. The
Novikov ring is the subring
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o
Aso = {Zc,ﬂf €A ‘Vi Shi > 0}

i=0

of the Novikov field A. Given a compact K C M and a commutative A>¢-algebra R,
the relative symplectic cohomology of K in M with coefficients in R is

SH*(K: R) = H*(l/i_>m\iCF*(H,~) Dhs, R) , )

where H; is a pointwise increasing sequence of non-degenerate time-periodic Hamil-
tonians on M such that H;|x < 0, and such that

. 0, xekK
il_l)TI;oHi(x) = {oo’ ‘¢ K
C F*(H;) stands for the Floer complex
CF*H)= P Aso-x. 3)
XEPO(H,')

where P°(H;) is the set of 1-periodic orbits of H;, which are contractible in M. The
complexes C F*(H;) are connected by Floer continuation maps. Finally, the hat stands
for the completion of Axo-modules (see Sect.4.1).

Remark 2.2 e We will abbreviate SH*(K; A>o) to SH*(K) throughout.

e Varolgiines uses the notation S H}; to explicitly point out the symplectic manifold.
We drop the subscript », trusting that the context will resolve the ambiguity.

e The cohomology SH*(K; R)isindependent of the specific choice of Hamiltonians
H; and other auxiliary data. To prove this, and in general to be able to work with
SH*, itis advantageous to use an alternative definition based on homotopy theory,
see Sect.4 and [29] for more details.

e Throughout the paper we use the properties of SH* listed in Section 1.3.

Remark 2.3 Unlike the original definition by Varolgiines, we only consider contractible
periodic orbits. The reason for this is that we are only interested in kernels of restric-
tion maps defined on SH*(M; A), which on the homology level is generated by
contractible orbits, and chain level restriction maps preserve the free homotopy class
of periodic orbits and thus preserve the contractible component. Also, since we only
consider contractible orbits, the grading can be taken mod 2Ny, rather than merely
mod 2.

Example 2.4 Let M = S? with an area form e which is normalized to have area 1. The
quantum cohomology algebra of M is Q H*(M) = A(1, h), where 1 is the unit class
while i = [w] is the area class. The grading is modulo 2Ng> = 4, [1| =0, |h| = 2.
The multiplication is completely determined by 22 = T - 1.

If D C M is a smooth closed disk of area < %, then D is displaceable, and thus

SH*(D; A) = 0.If D has area > %, then SH*(D; A) = SH*(M; A) = QH*(5?),
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and moreover res? is the identity, which can be inferred from the Mayer—Vietoris

property of SH *.-’DIt follows that the quantum cohomology IVQM  on S? satisfies

0, if area(D) < %,

(D) =
QH*(8?), if area(D) > 1,

for a closed disk D C S2. It follows that 7 is precisely the unique Q H*(S?)-IVQM
described in Proposition 1.26. From the definition of 7 it also easily follows that if
U C S? is an open disk, then 7(U) = 0 if area(U) < § and t(U) = QH*(5?)
otherwise.

2.2 Axioms for relative symplectic cohomology of pairs

Here we formulate the axioms for a relative symplectic cohomology of pairs of com-
pact subsets of M. It is an extension of Varolgiines’s relative symplectic cohomology.
The axioms are reminiscent of those of Eilenberg—Steenrod for cohomology, see the
paper [4] by Cieliebak and Oancea. This is not the most extensive list, but it is reason-
ably complete, and it contains all the properties we need to prove our results. Section 3
contains the proof of our Main Theorem 1.22 based on the axioms.

As we will see in Sect. 3, in order to prove our main theorem, we only use these
axioms, regardless of the details of a particular choice of a relative symplectic coho-
mology of pairs. However, since we do perform a concrete construction in order to
prove the existence of such an object, and to somewhat demystify the axioms, we will
comment here on our construction. It is instructive to recall that the singular cohomol-
ogy H*(X, A) of a pair (X, A) is the cohomology of the complex C*(X, A), which
by definition is the kernel of the restriction map C*(X) — C*(A), where C*(-) is the
singular cochain functor. In our story for each compact K C M and a A>¢-algebra
R there is a complex SC*(K; R) computing SH*(K; R). The difference between
this and the singular complex is that SC*(K; R) depends on various choices, such as
Hamiltonians, almost complex structures, and so on, and is really well-defined only
up to homotopy equivalence. This forces us to use the homotopy kernel of the chain
level restriction map resllg/ :SC*(K; R) — SC*(K'; R) for K’ C K, as a complex
underlying the symplectic cohomology SH*(K, K’; R) of the pair (K, K’). We use a
very convenient model for homotopy kernels, given by the cocone construction. See
Sect. 4, in particular Definition 4.21, for details. Also note that the cocone construction
is standard when defining relative cohomology invariants on the chain level, see for
instance [3, p.78].

Let C denote the category of compact subsets of M, where the morphisms are
inclusions, and let CP denote the category of compact pairs of subsets of M, that is
the objects are pairs (K, K’) of compact subsets of M such that K’ C K, and there is
exactly one morphism (K, K') - (L, L")if K c Land K’ C L’.

7 The case area(D) = % requires an additional calculation. See for instance [28].
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Recall that if P, Q are graded modules with graded components P, Q', respec-
tively, then a module map f: P — Q is graded of degree d if f(P') c Q'*¢ for all
i.

Fix a commutative A>g-algebra R; in applications R is either A>g or A. Let M
be the category of Z,y,,-graded R-modules and degree zero module maps, and let
Anu C M be the subcategory consisting of associative skew-commutative non-unital
R-algebras and degree zero algebra morphisms. We let [1] be the shift functor on M.
Varolgiines’s symplectic cohomology is a contravariant functor SH*(-; R): C — Apy.
We refer the reader to the discussion in Sect.2.3 regarding the product structures on
SH*(-; R).

For the definition we need the so-called descent property for pairs of compact sets.
It is defined in [29], and we recall the definition in Sect.4.8.3. As Varolgiines proves
in [29], if two compact sets commute, they are in particular in descent; therefore
descent can be interpreted as a kind of “algebraic commutation” condition.

We define a relative symplectic cohomology of pairs with coefficients in R as any
contravariant functor SH*(-, -; R): CP — Ajp, satisfying the properties appearing
below. Note that the functor property means that for each compact pair (K, K') we
have the corresponding graded algebra SH*(K, K’; R), and that for each inclusion
of pairs (K, K') C (L, L’) there is a restriction map

(L,L) .

I'CS(K’K/) :

SH*(L,L'; R) — SH*(K, K'; R),

which is a degree zero algebra morphism, such thatif (P, P’) is another pair containing
(L, L"), then

(L,L") (P,P"y _ (P,P")
I'CS(K,K,) OI‘CS(L’L,) = I‘CS(K’K,),

and such that resgg’ig = idsg*(k,k’; r)- The properties are as follows:

e (Normalization): Let t: C — CP be the inclusion functor ¢: K +— (K, &). There
is a natural isomorphism between the composition SH*(-, -; R)otand SH*(-; R),
meaning that for each K € C there is an isomorphism SH*(K,d; R) =
SH*(K; R) in Ap, commuting with restrictions.

K,K')

Notation 2.5 For K/, K” C K we denote by res(KK,,’K/) the composition of resg K'.2)

and the isomorphism SH*(K"”, @; R) = SH*(K"; R).
Notation 2.6 We let j: A, < M denote the inclusion functor.

e (Triangle): Let IT": CP — C be the functor projecting onto the second factor, that
is (K, K') = K’. Then there is a natural transformation

§* joSH*(;R)oIl' — jo SH*(-,-; R)[1] as functors CP — M,

that is for each (K, K’) € CP we have a module map BZ‘K K0 SH*(K'; R) —

SH*(K, K’; R) of degree 1, compatible with restrictions. Moreover, it fits into an
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exact triangle

res%(’K,)
SH*(K,K'; R) SH*(K:; R)
§* .,
\K) LKQ
SH*(K'; R)

e (Mayer—Vietoris): Let us define the following subcategory of C3:3

CTD={(K,K',K")eC® K',K" C K and K', K" are in descent}.

Let us define the intersection and union functors I, U: CTD — CP by
IK,K',K"Y=(K,K'nK"), U®K,K',K"Y=(K,K'UK").

There is then a natural transformation

A*:joSH(-,;R)ol — joSH(-,-; R)[1]o U as functors CTD — M,
meaning whenever (K, K’, K”") € CT D, then we have a degree 1 linear map
Aty xrxny: SH* (K. K'NK"; R) > SH*(K,K' UK"; R)
compatible with restrictions. It moreover fits into the exact Mayer—Vietoris triangle

(reS(K,K’UK”) reS(K,K’uK”))
(K,K') P(K LK)

SH*(K.K'UK": R) SH*(K.K': R) ® SH*(K. K" R)
A* (K,K) (K,K")
(K'K"K”)\ resu(/k/mk/’> ISk, KINK)

SH*(K,K' N K"; R)

e (Product): Given (K, K’, K"") € CT D, there exists a map * fitting in the following
commutative diagram:
SH*(K,K'; R)® SH*(K,K"; R) _EF, SH*(K,K'UK"; R)
res;K‘K/) ®res(KK‘KU)l \Lres(l(l(,[(/u[(//)
SH*(K: R) ® SH*(K; R) ——————~ SH*(K; R)
where * stands for the Tonkonog—Varolgiines product, see Sect.2.3. Specializing

to the case K’ = K", we see that this defines a product on SH*(K, K'; R). We
require that it coincide with the given product on SH* (K, K'; R) as an algebra.

8 “CTD’ stands for “compact triples in descent.”
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In Sect.4, we prove

Theorem 2.7 There exists a relative symplectic cohomology of pairs with coefficients
in AZO'

The definition of a relative symplectic cohomology of pairs is given in Sect.4.8.4,
see Definition 4.21. In Sect.4.10 we construct the product and prove that it indeed
satisfies the Product axiom. We prove the Normalization and the Triangle property
in full detail in Sect.4.9. There also the Mayer—Vietoris property is elaborated upon,
with the exception of the compatibility of the natural transformation with restrictions,
but this compatibility can be proved using techniques appearing in Sect.4.9.

Remark 2.8 1t is very likely that, using the techniques of Sect.4, it is possible to
prove that the product we construct satisfies the following stronger version of the
Product axiom: Let IT", [1”: C7T D — CP be the projection functors [T (K, K, K") =
(K,K",TT"(K,K',K") = (K, K"); then there is a natural transformation

% SH(,sR)oII' ® SH(-,;R)o 1" — SH(-,-; R)o U as functors CTD — Apu,
that is for (K, K’, K”) € CT D there is a degree zero algebra morphism
¥ SHK,K;R)®@ SH(K,K"; R) - SH(K,K'UK"; R),

compatible with restriction morphisms. The weaker version as stated above does not
contain the requirement that % be an algebra morphism or that it be compatible with
restrictions. Since the weaker version suffices in order to construct an IVQM as stated
in our Main Theorem 1.22, we opted for only proving the weaker version.

It is plausible that the triangle property can be generalized to a long exact sequence
of a general triple, just like in ordinary cohomology. It is also conceivable that other
axioms can be formulated and proved for the relative symplectic cohomology of a
pair.

If R is any flat A >p-algebra, for instance R = A, then we have the following result.

Corollary 2.9 Let SH*(-, ) be a relative symplectic cohomology of pairs with coef-
ficients in A>o. Then SH*(-,-; R) := SH*(-,-) ®a., R is a relative symplectic
cohomology of pairs with coefficients in R. m|

2.3 Discussion

The product structure on SH*(-). In [27] Tonkonog and Varolgiines construct an
associative skew-commutative product on SH*(K; A), and show that it possesses a
unit, and that restriction maps are unital algebra morphisms. To this end they define
so-called raised symplectic cohomology, and construct the product and the unit on the
level of cohomology. They note in Remark 5.16, that it is possible to construct the
product directly on S H*(K) without tensoring with A. Such a product is constructed
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in Sect.4.10, together with a product on SH (-, -; A>o) in a way which conforms to
the Product axiom. Although this product on S H*(-) cannot carry a unit, as explained
in Remark 5.16 in [27], it does have a similar structure, which upon tensoring with
A furnishes a unit. This structure consists of a family of elements Tlé e SHY(K)
for . > 0, with the property that Té xa = Ta for @ € SH*(K), and such that
resg,(T,%) = TI)(‘, for K’ C K. These elements are defined as follows: under the
canonical isomorphism SH*(M) = H*(M)® A -, let TAA,, € SHY(M) be the element
corresponding to 1 ® T*, and put TI’} = res%(TA),‘[).
It is possible to show, using standard Floer-theoretic techniques, that the product

SH*(M)® SH*(K) — SH*(K)

maps T}, ® o — T*a. It then follows from the compatibility of the product with
restrictions that

Té*a:res%(TX,‘,)*a:wa xa =T,

as claimed.

The product structure on SH* (-, -) and the Mayer—Vietoris property. Let us provide
intuition for the fact that the descent property, which holds, for instance, when the
sets Poisson commute, appears in the seemingly unrelated narrative about the product
on symplectic cohomology of pairs. We employ an informal analogy between sym-
plectic topology and basic algebraic topology via the following glossary: the relative
symplectic cohomology corresponds to the singular cohomology, and the relative sym-
plectic cohomology of a pair corresponds to the singular cohomology of a pair. Since
the relative symplectic cohomologies of subsets in descent satisfy the Mayer—Vietoris
property (see [29]), the starting point of our discussion is a pair of subspaces A, B of
a topological space X satisfying the Mayer—Vietoris short exact sequence

0= Cis(ANB)— Cyx(A) P Ci(B) > CL.(AUB) — 0,

where C, stands for the singular complex. Compare it with the obvious short exact
sequence

0 — Cx(ANB) = Cy(A) ® Ci(B) — Cx(A) + C4(B) — 0,

where C,(A) + C(B) C C«(X) stands for the sum of the subspaces C(A), Cx(B) C
C4«(X). From the long exact homology sequences and the 5-lemma, we see that the
natural chain map

C«(A) + C.(B) > C«,(AUB)

induces an isomorphism in homology. Thus A, B is an excisive pair in the terminology
of [5, Definition 3.2]. As explained ibid., for such a pair one has a well-defined cup
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product on relative cohomology
HP(X,A) ® HY (X, B) - HP?T (X, AU B).

Roughly speaking, in Sect. 4.10 below we elaborate on the implication “Varolgiines’s
Mayer—Vietoris = product on SH*(-,-)” for subsets in descent in the context of
symplectic cohomology, which is the subject of the product property stated above.
The main technical difficulty is that various diagrams, including those containing the
Mayer—Vietoris short exact sequence, commute only up to homotopy, forcing us to
use tools of homotopical algebra.

Remark 2.10 We believe that for the regions appearing in Theorem 1.48 the existence
of following exact triangle can be proved, relating SH*(M, K; A) to the SH™-
invariant of K (see [4]) and to H*(M, K; A):

H*(M,K; A) SH*(M,K: A) .

T

SHY*(K: A)[—1]

Details will appear elsewhere.

3 Proof of Main Theorem 1.22

Let us recall the formulation of the theorem. For open U C M put

o) := ker(res%\U :SH*(M; A) — SH*(M\ U; A)) C SH*(M; A) = QH*(M).

We have defined the set function t with values in Z(Q H*(M)) as follows:

(K) = ﬂ O(U) and T(V)= U (L)

U openDK L compactCV

for compact K C M and open V C M. The theorem asserts that T is a Q H*(M)-
IVQM.

Remark 3.1 Note that thanks to the functoriality of S H* with respect to inclusions, 6
is monotone: U C V implies 8(U) C 6(V).

Given an Z(Q H*(M))-valued function n defined on open subsets of M, its regular-
ization is

U+ U{n(U’) | U’ open with U’ C U}.

The following is a nice exercise which uses the definition of t, the monotonicity of 6,
and the fact that M is a normal space:
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Lemma 3.2 The regularization of 0 is t. O

Let us call a set function a weak Q H*(M)-IVQM if it satisfies all the properties of
a QH*(M)-IVQM except continuity. Theorem 1.22 is an immediate consequence of
the following two propositions.

Proposition 3.3 The function 6 is a weak Q H*(M)-IVQOM satisfying the invariance
and vanishing properties.

Proposition 3.4 The regularization of a weak QH*(M)-IVOM is a Q H*(M)-IVOM.
Moreover, regularization preserves invariance and vanishing.

The rest of this section is dedicated to proving these propositions. We would like to
point out that the most nontrivial property here is the quasi-multiplicativity of 8, and
this is where the product structure on the relative symplectic cohomology of pairs
comes into play.

Proof of Proposition 3.3 See Remark 3.1 regarding the monotonicity of 6. It remains
to show that 6 satisfies normalization, additivity, quasi-multiplicativity, intersection,
invariance, and vanishing. We fix a relative symplectic cohomology of pairs with
coefficients in A, SH*(-, -; A), whose existence is guaranteed by Theorem 2.7 and
Corollary 2.9 for the case R = A.

(Normalization): Since res% :SH*(M; A) — SH*(M; A) is the identity, we con-
cludethat8(2) = 0;0(M) = ker(SH*(M; A) — SH*(J; A) =0) = SH*(M; A).

(Additivity): Let U, V be disjoint open subsets, and let A = M\U and B = M\V.
Note that A U B = M. By definition we have

o) = kerres%, (V)= kerresj}g’[, U UV)= kerres%mB .

Thus we need to show that

ker res%mB = ker res% + ker resll‘;’l .

Note that A, B Poisson commute by Example 1.15. Since M = A U B, it follows
that SH*(M, AU B; A) = SH*(M, M; A) = 0 by the Triangle axiom, and since
A, B Poisson commute, we can apply the Mayer—Vietoris sequence for SH*(-, -; A)
to conclude that

Fr=res(h 4l —1eSg ahgy P SH* (M, A; A) & SH*(M, B; A) — SH*(M, AN B; A)
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is an isomorphism. Consider the following commutative diagram with exact columns:

f

SH*(M, A; A) @ SH*(M, B; A) —— = SH*(M, AN B; A)
e @resgy,ml lres;ym
SH*(M; A) @ SH*(M; A) Pl 7 PR SH*(M: A)

XA *(R. resﬁﬂB B resﬁﬁB * .
SH*(A; A)® SH*(B; A) SH*(ANB; A)

where in the middle row pr; is the projection to the i-th factor. The projections appear
here because res% = idsp+(m; a). The commutativity of both squares follows from
the functoriality of restriction maps with respect to inclusions—of compact sets for
the bottom square, and of pairs of compact sets for the top square. The exactness of
the columns follows from the Triangle axiom.

We now have

ker resﬁ‘fm p =1m resgy’AﬂB) by exactness
=im (resgjy’AﬂB) of) f is an isomorphism
=im ((prl —pry)o (resg‘y’A) @ resgy’B))) top square commutes
= im (res}y ) —res(y" )
=im resg‘y’A) +im resggl’B)
_ M M
= kerres, +Xkerresp by exactness,

as claimed. For = we mnote that (pr;—pry) o (res\y ™ @resly"™)

(M,A) (M,B)
—I'CSM

=TICS), as maps

SH*(M, A; A) ® SH*(M, B; A) — SH*(M; A).

(Quasi-multiplicativity): Let U, V. C M be open commuting subsets. Then their
complements M \ U, M \ V are compact commuting subsets. Let a € 6(U) and

b € 6(V). By the Triangle property of a relative symplectic cohomology of pairs there
(M. M\U)

arex € SH*(M, M\U; A)andy € SH*(M, M\V; A) such thatres , x)=a
and resg‘y’M\v)(y) = b. By the Product axiom we obtain

a*xb= resx‘/’M\U)(x) * res%/'M\v)(y) = resg,IM’M\UUM\V)(x;y) = resxy’M\(Umv))(x?k'y).

Using the Triangle property again, we obtain
im res;,IM’M\(UmV) = kerres%\(un‘,) =0 NYV).
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This implies thata « b € 6(U N V), hence 8(U) x60(V) C (U NV).
(Intersection): Let U, V be two open subsets which cover M. The diagram

SH*(M; A)
— T~
res?{mv)c (resglf,res’yc )
* C. *k C. * C.
SH*((UNV) A) ( G oy SH*(U A) & SH*(VES; A)
res ¢ JTesy e )

commutes thanks to the functoriality of restrictions with respect to inclusions. Since
U°¢, V¢ are disjoint compact subsets, they Poisson commute by Example 1.15. By the
Mayer—Vietoris exact sequence ([29]) for U¢, V¢, the bottom map is an isomorphism,
since the third group in the sequence is SH*(U“ N V¢, A) = SH*(@; A) = 0. It
follows that

(U NYV)=Kker res%m,)c
= ker (resi(‘]’lc, res[“,/[C ) from the diagram
= kerres(/ Nker resy
=0U)NoV),

as required.

(Invariance): As mentioned in [29], a symplectomorphism ¢ of M induces rela-
beling isomorphisms d)f: SH*(K; A) = SH*(¢(K); A), which commute with
restrictions. It is not hard to show, using essentially Morse-theoretic arguments, that
q)i"[ is the obvious action of ¢ on SH*(M; A) = H*™942Nu(pf; A), and that in
particular for ¢ € Sympy(M, @) we have $M = idgp+(u. a), which implies for open
UcCM:

M M M
0(p(U)) = kerresy, ;) = ker (resM\d)(U) opy")

= ker (" o resyp ) = kerresyy, ;= 0(U).

(Vanishing): Let K C M be a displaceable compact subset. Varolgiines proved that
SH*(K; A) =0, see [28, Theorem 1.3.1]. This shows that

6(M \ K) = kerresiy, k) = kerresy = SH*(M; A).

Additionally, since K is a displaceable compact subset, there exists a displaceable
region W which contains K in its interior. Let Z be the closure of the complement of
W and denote U = Int(W). The compact sets W, Z commute, and since Z N W is
displaceable, we have SH*(Z N W; A) = 0. Using Mayer—Vietoris we obtain

M M
(resZ JTesyy )
e

SH*(M; A) = SH*(ZUW; A) SH*(Z; A) ® SH*(W; A) = SH*(Z; N).
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Thus res¥ : SH*(M; A) — SH*(Z; A) is an isomorphism, therefore
z p
O(U) = ker res%\U = kerresy =0.

m}

In order to prove Proposition 3.4, we will introduce an auxiliary notion. Given an
open U C M, an approximating chain for U is a sequence {U;}; of open subsets of
U with FJ C Uj4 forall j and such that U = jUj-Note that every open set has
an approximating chain. We will use the following elementary fact multiple times: if
K C U is compact and {U,}; is an approximating chain for U, then there is j such
that K C U;. In particular, any two approximating chains {U};, {U ]’ } j dominate each

other, meaning for each j there is j’ such that U; C U J’., and vice versa.

Proof of Proposition 3.4 Let n be a weak Q H*(M)-IVQM, and let o be its regulariza-
tion. If U C M is open and {U} is an approximating chain for U, then itis easy to see
thato (U) = Uj n(U;). Since Q H*(M) is finite-dimensional, the ascending chain of
ideals {n(U;)}, stabilizes, that is there is I € Z(QH*(M)) such that n(U;) = I for
all j large enough. It follows that o (U) = I. We can now prove that o is an IVQM.

(Normalization): Trivial.

(Monotonicity): Let U, V C M be open and assume U C V. Let {U;};, {V,}; be
approximating chains for U, V, respectively. We can pick j such that o (U) = n(U}),
o(V)=n(V;),and U; C V;.Itfollows that o (U) C o (V) by the monotonicity of 7.

(Continuity): Let W C M be open and let

whcw®c...cw

be open subsets whose union equals W. Denote by {Wi(k)} an approximating chain
for W& For every k, one can choose i (k) large enough so that n(Wi((kk))) =g (W®)
and so that the sequence {Wl.((%} is an approximating chain for W. It follows that
o(W) =o(WH) for k large enough, and the desired continuity follows.

(Additivity): Let U, V C M be disjoint open sets and let {U;};, {V;}; be approx-
imating chains for U, V, respectively. It is easy to show that {U; U V;}; is an
approximating chain for U U V. There is j such that o (U) = n(U;), o (V) = n(V;),
o(UUV)=nU;UV;).Since U;, V; are disjoint, it follows from the additivity of
n that n(U; U V;) = n(U;) + n(V;) and the claim follows.

(Quasi-multiplicativity): Here we need the following lemma, proved below.

Lemma3.5 If U,V C M are open commuting sets, then they have approximating
chains {U;};,{V;}; such that U, V; commute for each j.

Assuming the lemma for the moment, let U, V C M be open commuting sets and
pick approximating chains as in the lemma. Since

UinV,cUNV;CcUj NVjy and | Jw;nvp=Ju;nlJvy=unv,
j i j
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it follows that {U; N V;}; is an approximating chain for U NV, therefore there is j
such that o (U) = n(U;), o (V) =n(V;),oc(UNV) =n(U; NVj), and thus

o(U)xo(V) =nU;)*n(Vj) CnU;NVj) =o(lUNYV),

where the containment is thanks to the quasi-multiplicativity of n.

(Intersection): Let U, V C M be open sets which cover M and let {U};, {V;}; be
approximating chains for them. We claim that there is j such that U;, V; cover M. To
see this, note that U¢ C V is compact, therefore there is k so that U¢ C Vi, whence
Vi C U, therefore there is [ so that V|7 C U, which means that Vi, U; cover M,
therefore a fortiori U, V; cover M for j = max({k, [}. We can increase j so that in
addition we have o (U) = n(U;), o (V) = n(V;). Since, as we have seen, {U; N V,};
is an approximating chain for U N V, we can further increase j so that we also have
o(UNV)=nU;NV;).Since Uj, V; cover M, by the intersection property of n we
have

oc(UNV)y=nWU;NV;)=nlU;)NnV;) =aU)Na(V).

(Invariance): If U C M is open, {U;}; is an approximating chain for U, and
¢ € Sympy(M), then {¢(U,)}; is an approximation chain for ¢(U). We can pick j
so that o (U) = n(U;), o(¢(U)) = n(¢(U})), and the invariance of o follows from
that of .

(Vanishing): Let K C M be displaceable and let {U}; be an approximating chain
for M\ K. It follows that for j large enough, M \ U; is displaceable, whence n(U;) =
n(M\(M\Uj)) = QH*(M), and taking j large enough so that o (M\K) = 6(U;)
we obtain o (M\K) = QH*(M). For the second part of the vanishing property, let
U D K be open such that n(U) = 0. If V is an open set with V C U, then by the
monotonicity of n we have n(V) = 0, whence

o(U) = U{n(V) | V open with V C U} = 0.

It remains to prove Lemma 3.5.

Proof of Lemma 3.5 By definition there are Poisson-commuting f, g € C*°(M, [0, 1])
suchthat M\ U = f~1(0), M\ V = g~1(0). For every a € (0, 1] consider the open
sets U, = f’l((a, 1) and V, = g’]((oz, 1]). Note that forevery 0 < 8 < o < 1 we
have U_a C Up and V_a C Vg, moreover,

U= U Uy, and V = U V.

ae(0,1] ae(0,1]

Thanks to Remark 1.14, Uy, V,, commute. It follows that {U; := Uy} jenand {V; :=
V1/j}jen are approximating chains as required. O

W Birkhauser



Symplectic topology and ideal-valued measures Page330f92 88

4 Constructing a symplectic cohomology of pairs

In this section we construct a relative symplectic cohomology of pairs with coefficients
in A>¢ and prove its properties as announced in Sect. 2, thereby proving Theorem 2.7.
The definition appears in Sect.4.8.4. The product is constructed in Sect.4.10, and it
is the highlight of this section and of the whole paper. The proof of the rest of the
properties occupies Sect.4.9. This relies on the algebraic language of cubes, which we
outline in Sects. 4.2—4.7. The language of cubes was introduced by Varolgiines in [29].
It is an explicit realization of some oco-categorical aspects of cochain complexes.

4.1 Completion for A>o-modules

Completion of A-modules plays an essential role in Varolgiines’s definition of sym-
plectic cohomology, therefore we describe it here. First, the Novikov field A carries a
valuation v: A — R U {400} given by v(0) = oo and

V(Z?il CiTA’) =i

provided the A; form a strictly increasing sequence and ¢; # 0. Using v, we can define
the interval modules

Asr =07 ([r 00D, Asp=v7N((r, 00D, App) = Asa/Aspfora <b.
Given a A>p-module A, its completion is the A>p-module

A= Lln (A®A[0’r)).

r—00

Completion is an endofunctor on the category of Axp-modules. From the universal
property of inverse limits we obtain a morphism

A— A,

also called completion. We say that A is complete if the completion morphism is an
isomorphism. The interval modules are typical examples. On the other hand, A =0.
Since completion commutes with finite direct sums, a finite direct sum of interval
modules is likewise complete.

We will use the following fact.

Lemma 4.1 Let
0>A >A—>A">0

be an exact sequence of Asg-modules, where A" is flat. Then the corresponding
sequence of completions is exact.
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Proof Since A” is flat, we have Tor| = (A", Ajo,ry) = Oforall r > 0, therefore from
the long exact sequence of Tor functors we conclude that each sequence

0—- A ® Ao,y > A® Ao,y — A’ ® A, —> 0 4

is exact. Since for s > r the map A[g ) — Ajo,r) is surjective, and since the tensor
product preserves surjectivity, we see that A’ ® Aoy — A’ ® Ao, is also onto,
which means that the system of modules (A’ ® A[O,r)), satisfies the Mittag—Leffler
condition, which implies that the inverse limit of the sequences (4) is likewise exact,
which is what the lemma asserts. o

Convention: We extend the completion functor to the categories of graded Aso-
modules and chain complexes by completing degree-wise.

4.2 Cubes

The language of cubes is very convenient in order to work with the algebraic data
arising when defining relative symplectic cohomology. Throughout we fix a unital
commutative ring R and we work in the category of graded R-modules and graded
maps, where the grading is over Z or over Z; with k even. Recall that given graded
modules C, D with graded components C, D', a module map f: C — D is graded
of degree d if f(C') c D'T¢. We denote the degree of f by | f].

Fix a nonnegative integer n. We call a subset of [0, 1]" a face if it is given by setting
some of the coordinates to either O or 1; the rest of the coordinates are referred to as
the free coordinates of F. Given a face F its dimension, denoted |F [, is the number
of its free coordinates, while its initial vertex ini F' and terminal vertex ter F', are the
points of F closest to or farthest from the origin, respectively (relative to the Euclidean
metric); in this case we write F: v — v/, where v = ini F, v/ = ter F. Note that F is
determined by its initial and terminal vertices. We also say that v, v" span F.If F/, F”
are faces, we write F = F’ - F” to denote the situation in which

iniF =ini F', ter F/ =ini F”’, ter F”" =ter F.

An (algebraic) n-cube C is a pair ({C*},e(0,1}", {fg}pc[o, 17" a face), Where each CV is
a graded module, and for every face F' C [0, 1]" we have a graded module morphism
fS:CMF — cerF of degree 1 — |F|, subject to the condition that for each face F
we have
Y =D sen(F F) =0, 5)
F=F'.F"

where sgn(F’, F”) is a sign defined as follows. Any face of [0, 1]” comes equipped
with a natural orientation coming from the ordering of its free coordinates. Then
sgn(F’, F") is the intersection index of F’, F” inside F. For a more explicit descrip-
tion, assume first that we have a linearly ordered finite set S = {51 < --- < sgq1}.
Recall that a (k, [)-shuffle on S is a permutation o € Sg suchthato (s1) < --- < o (s¢)
and o (sgy1) < -+ < o(sgay). If S = S 1 S” with | S| =k, |S”| = [, then there is a
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unique (k, [)-shuffle ogr g» such thato ({s1, ..., s¢}) = 5, o ({sk+1, - - - k1)) = 7.
Now let S C {1, ..., n} be the set of free coordinates of F, S’ the set of free coordi-
nates of F’ and S” the set of free coordinates of F”, so that S = S’ U S”. Endow S
with the order induced from {1, ..., n}. Then sgn(F’, F") := sgnog g.

The above relations mean in particular that for each vertex v, (C", f, {g}) is a cochain
complex, each 1-dimensional edge yields a cochain map between its vertex modules,
each 2-dimensional face yields a homotopy between the two compositions of the maps
running along its perimeter, and so on.

Note that the above sign only depends on the internal ordering of the free coordinates
of F/, F”, which means that for any face G C [0, 1]" the pair ({C"},, {fg}p) where v
ranges over the vertices of G while F over the subfaces of G, is itself a cube, provided
we renumber the coordinates in their natural order in {1, ..., n}. We will refer to
such a cube as a subcube of C, or, when the face G is given, the subcube obtained by
restricting C to G, and we denote it by C|g.

If Ay, A; are n-cubes, a map from Ag to A; is an (n + 1)-cube C such that A; =

Clio,11x{i}» i = 0, 1. In this case we write Ay £> Aj. We define the corresponding

negated map Ay = A\ by negating all the maps going from the vertices of Ag to
those of A;. A trivial check shows that this is indeed a map. Note that if F C [0, 1]”
is a face and C' = C|rx(0,1]. A} = AilF = ClFrx(i}, i = 0, 1, then C’ is a map from
Ay to Ay Ay S AL

A partial cube is given by a collection of modules associated to some of the vertices
of [0, 1], as well as maps between them corresponding to some of the faces of [0, 1],
subject to the condition that the cube relation (5) is satisfied whenever all the maps in
it are defined. This notion will be useful in Sect.4.6, where we define pullbacks for
V-shaped diagrams, which are a particular case of partial cubes.

4.3 Direct sums and tensor products

In various constructions related to the definition and proof of properties of the sym-
plectic cohomology of a pair we will need direct sums and tensor products of cubes.

If A, B are n-cubes, their direct sum A @ B is defined as the cube with vertices
(A B)Y = A’ @ BY and face maps f;‘teBB = f;‘l ) f,?. A trivial verification shows
that this is indeed a cube. Note that in particular taking direct sums commutes with

passing to subcubes, thus restricting A @ A’ cec, B® B toaface F = F x [0, 1]

. ;. ClgeClp ,
yields Al @ C'|F ——— Blr @ B'|r.

Before we define tensor products of cubes, let us recall the notion of graded tensor
product of graded maps: if V, V', W, V' are graded modules and if f:V — W,
f': V' — W’ are graded maps, their graded tensor product f @ f: VRV’ — W W’
isdefined by (f @ f)(v®v) = (=D f(v) ® f/(v). All the tensor products of
graded maps below are taken in the graded sense.

If (C,d), (C',d") are modules endowed with differentials, that is degree 1

maps squaring to zero, their tensor product is the graded module (C ® C’,d ®
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ider +1de ®d'), where the tensor product is taken in the graded sense. This amounts

to the usual Leibnitz rule for differentials on the tensor product of graded modules.
Let now A, B be a k-cube and an [-cube, respectively. We are going to define their

tensor product A ® B, which is a (k + [)-cube, as follows. The vertex modules are

A® B)il--~ik+l = Al ® Bik+1eik+l

The face maps f;4®8 are defined as follows. If F = {(vy, ..., vk, wy, ..., w;)} has
dimension zero and we let v = (vy, ..., vk), w = (wy, ..., wy), then the correspond-
ing face map, that is the differential on the module A" ® 5%, is simply the differential
on the tensor product (in the graded sense!):

288 _ (A @idgu +id 40 @ 5.

If F has positive dimension, let F/ [0, 17¥, F” < [0, 1]' be faces such that
F=F xF’ c[0,1]F x [0, 1]’ = [0, 1]**!. We have three cases:
(i) |F'|,|F”| > 0: in this case f{\®5 = 0.
(i) |F”| = 0:let F” = {w}; then
A8 _ A Qidge: A' @B - A @ BY,

where v = ini F/, v’ =ter F';
(iii) |F'| = 0: let F’ = {v}; then

498 —id 4 @f5: A" @ BY - A @ BY,
where w = ini F”, w’ = ter F".
The following is obtained by unraveling the definitions:
Proposition 4.2 The tensor product of cubes is a cube. O
We will also use a more general tensor product corresponding to a (k, /)-shuffle

0 € Sk, denoted A ®, B. The above case corresponds to the identity shuffle. The
vertex modules of the general tensor product are given by

(A Ry B)il»-~ik+l — Ai(r(l)mia(k) ® Bin(k+1)-~iﬂ(k+l)’

and the face maps are defined analogously to the case o = id, except we need to
renumber coordinates according to o. The formulas are exactly the same, but the
notation becomes more complicated.

We will need special cases of the tensor product construction: tensoring with a
chain complex, the identity map, the diagonal map and the sum map.
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Tensoring with a chain complex Let C be a cube and let (A, d) be a chain complex,
that is a O-cube. We can then form their tensor product C ® A. Its vertices are (C ®
A)' = C" ® A, the differential on such a vertex is the above tensor of the respective
differentials, and if F is a positive-dimensional face of [0, 1]7, then fg@’A = fg ®id4.
We can likewise form the tensor product A ® C, which differs from C ® A by signs of
the differentials.

The simplest example is as follows. Let R be viewed as a graded module over itself,
concentrated in degree zero, and given the zero differential. Then, using the canonical
isomorphism C @g R = C = R ®p C for an R-module C, we obtain canonically
CRR=C=R®C.

Similarly we can consider the module R @ R sitting in degree zero, also with
the zero differential. In this case, given a cube C, we have a canonical isomorphism
CHC=CR®(RDPR).

Theidentity map Given an n-cube C and a direction i € {1, ..., n + 1}, the identity
map in the i-th direction is the tensor product C ®,, id g, where o; is the unique (n, 1)-
shuffle mappingn+ 1 — i,and idg : R — R is the identity map, viewed as a 1-cube.
The most common case we will need is when i = n + 1, in which case o = id. In this
case we will denote C ® idg =C i C. Note that this is a map from C to itself in the
above sense. _

Note thatif F C [0, 1]" is a face, then the restriction of the identity map C g Cto

the face F x [0, 1] yields the identity map C| g i—d> ClF.

The diagonal map Consider the diagonal map Ag: R — R @® R as a 1-cube. If C is
an n-cube, the corresponding diagonal map is the (n + 1)-cube C ® A g. Computing,

we see that it is a map C Lo, C @ C, where the only nonzero maps in the (n + 1)-st
direction are the diagonal maps C¥ — C" & C".

The sum map Consider now the sum map X: R @ R — R, again considered as a
1-cube. Tensoring a cube C with it, we obtain, after suitable identifications, the sum

b
mapC & C =5 ¢, whose only nonzero horizontal maps are sums C’ & C* — C".

4.4 Cones, cocones

In homotopy theory, cones and cocones afford explicit models for homotopy cokernels
and homotopy kernels, respectively. Here we review the corresponding notions for
cubes, as defined in [29].

Fix i € {l,...,n}. Identify R"~! with the hyperplane {x; = 0} C R”", let
7:R" — R"~! be the map turning the i-th coordinate to 0, and let Lj: R~ — R”
be the inclusions (x1,...,0,...,x,) — (X1,...,Jj,...,x,) for j = 0, 1. For
Fclo, 11" ' cR" et F = (rljo.111) " (F), Fj = ¢;(F). Let C be an n-cube. Its
cone in the i-th direction is the (n — 1)-cube cone; C, defined as follows. For a vertex
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v € {0, 1"~ ! we have
(cone; C) = CM[1] @ 1™,

Foraface F C [0, 1]*~! the corresponding face map f%onei € is given by the triangular

matrix
—(—l)lF"‘fg 0
N ali A

where #(i, F') denotes the position of i in the set of free coordinates of F relative to
the order induced from {1, ..., n}. Note in particular that the differentials are negated
in the shifted modules, while those in unshifted ones retain their sign, and that face
maps corresponding to edges always come with the positive sign.

The following is obtained from the definitions:

Proposition 4.3 cone; C is a cube. O

It also follows that the cone operation behaves well with respect to restrictions: if
F C [0, 1]" is a face containing the i-the direction as one of its free coordinates, then
for any n-cube C we have

(cone; C)|x(ry = coney;. r)(ClF).
We will need the k-th iterated cone in the first direction, cone®* := conejo...o
coneq, which maps n-cubes into (n — k)-cubes.

Definition 4.4 Let us call an n-cube acyclic if its n-th iterated cone is an acyclic
complex.

We also need to discuss a particular property of cones, also described in [29].
Given a module A, we call it k-coniform if it comes with a decomposition into 2k
submodules:

Given two such modules A, B, we say that a map f: A — B is k-coniform if the
composition

Aiie o p Ly g gl
vanishes unless i; < i’, for j = 1,...,k; here the first map is the inclusion while
the last one is the projection. Finally, we say that a cube C is k-coniform if so is
every vertex module and every face map of C. The very definition of cones implies

the following
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Proposition 4.5 The iterated cone operation cone® establishes a bijective corre-
spondence between n-cubes and k-coniform (n — k)-cubes. In particular, given an
n-coniform cochain complex (A, d), there is a well-defined n-cube (cone®)~1A. n

If C is a cube, we let C[k] be the cube whose vertex modules have been shifted by k
in degree, and whose structure maps have all been multiplied by (—1)¥. It is trivially
a cube. We define the cocone of C in the i-th direction by

co; C := cone; C[—1].

Combining the fact that shifts commute with passage to subcubes, we see that cocones
are also compatible with it, namely if F C [0, 1]” is a face containing the i-th direction
as one of its free coordinates, then

(co; Oz (F) = coyi,F)(C|F).

Remark 4.6 Let f: A — B be a cochain map. As we mentioned, its cocone co( f)
is an explicit model of its homotopy kernel. In particular by the defining property of
homotopy kernels, there is a natural map co(f) — A whose composition with f is
nullhomotopic. Explicitly, this map co(f) = A@ B[—1] — A is simply the projection
to A. An explicit nullhomotopy is given by h: co(f) — B, h(a,b) = —b. This can
be expressed in the form of the following 2-cube:

co(f) co(f)

N

0——B

Remark 4.7 This is a rather lengthy remark, relevant to the constructions described
in Sects.4.10, 4.9. Although a cocone of a cube is again a cube, it has some peculiar
properties. For instance if C is a cube which is the identity map in a direction i, its
cocone in any other direction is rather minus the identity map. This is because any cone
in a direction other than i is the identity, and in the cocone all the maps are negated.
The main consequence for us is that when trying to define the symplectic cohomology
of a pair of subsets, the comparison maps between the various homologies, coming
from cocones of certain maps, need to be negated in order to form a direct system
whose direct limit we need to take. The reader is invited to refer back to this remark
when this happens.

In practice, this takes the following form. Varolgiines defines special kinds of cubes:
triangles and slits. An n-triangle is an n-cube of the form

A—

N

A——>

) Birkhauser



88 Page400f92 A. Dickstein et al.

where the diagram directions are the last two ones, so that A, B, C are the correspond-
ing subcubes of dimension n — 2. If we take its cocone in any direction other than the
last two ones, we obtain a cube of the form

co; A——=co; B

I

coj A ——=co; C

/

which is not a triangle because of the minus sign in — id. We will only need to use the
case when this last cube is actually a square:

—id

I

This cube simply means that g o f and —k are homotopic. Another way of saying this
is that (—g) o (—f) and —k are homotopic, that is we have the following square:

> <>

A

—f

A——B
o ]
id -8

which is in fact a 2-triangle. Thus we see that if we have a 3-triangle and we take its
cocone in the first direction, we obtain a square which can be modified as above to
obtain a triangle, which is equivalent to a homotopy commutative triangle involving
maps which are negated.

A similar remark applies to slits. An n-slit is an n-cube of the form

A——B

I

A——B

It can be thought of as two maps A — B and a homotopy between them. If we have
a 3-slit like this, taking its cocone in the first direction results in a square of the form

A$-B
idl\h\lid
A——B
k
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or, equivalently, a square of the form

—f

s

A B
| N
id id

A B

E—
—k

which is a 2-slit. These squares express the fact that f,k: A — B are homotopic
maps, which is all we need.

4.5 Compositions of maps of cubes

In the construction of the product on the relative symplectic cohomology of pairs in
Sect.4.10 we’ll need to use compositions of maps of cubes. Recall that a map between
two n-cubes is simply an (n + 1)-cube whose restrictions to the corresponding n-faces
are the given n-cubes.

Let A L B i C be two maps of n-cubes. We will define their composition

F . . . . . .
A gL> C as follows. Taking the n-th iterated cone in the first direction, we arrive at
a sequence of chain complexes and chain maps

cone®” F cone®”
cone®” A ——— cone” B ——= cone®" C.

The chain maps are n-coniform, as is their composition cone®”* G ocone®” F, therefore
we can apply (cone®”)™! to the chain map

cone®” Gocone®* F
- s

cone”" A cone®" C,

and the result is the desired composition

A GoF

C.

The following material will be relevant in Sect. 4.9, where we prove that the relative
symplectic cohomology of a pair is well-defined, as well as in Sect.4.10, where we
construct the product.

If F C [0, 1]" is a face, we let F:=Fx [0, 1] C [0, 17", The main property
of compositions we’ll need is that the 1-dimensional edges in the direction of the
composition simply compose and they acquire no signs. That is if v is a vertex, then

GoF _ G F
o = oy

F . .
Let us call a map of n-cubes A — B straight if, whenever v, v’ € {0, 1}" are
vertices and F: v — v’ is the corresponding face, the map fg: vanishes unless v = v'.
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Examples of straight maps include the identity, diagonal, and the sum map on a given
cube, and more generally the tensor product of any cube with a 1-cube.
Another property of straight maps we’ll use in the sequel is as follows. Assume

that A L B is a straight map between two n-cubes. It follows that F is completely
determined by the structure maps of A, 3 and the maps f;}— = {%: AV — BY for

tll\e vertices v of [0, 1]". If we are given two cubes A, B and a collection of maps
fo: AV — BY, they are the structure maps of a straight map A — Bif and only if for
every face of [0, 11"+ of the form F, for F C [0, 11", we have

FBo fair = ferro fi.

We will apply this fact in the following form. Let A f) BB be a map of n-cubes and let
JF = cone,1 F be the corresponding cone, which is an n-cube. We claim that there
are natural straight maps

BLS FL AN

These are defined as follows. Let v € {0, 1}" be a vertex. Then the defining morphisms
of the straight maps ¢, 7 are as follows:

L BY — F' = A'[1]@® BY is the inclusion map,
T FU = A'[1] @ BY — AY[1] is (- the projection map,

where |[v]|; is the £1-norm of v, that is the number of coordinates of v equal to 1.
Shifting everything by —1, we see that we also have natural straight maps

Bl-11 5 Fl—1) = copy F ZEL 4,

which we’ll use in the definition of relative symplectic cohomology of pairs. We’ll
also need another feature of this sequence, namely its exactness. Let’s call a sequence

045 B0

of maps between n-cubes exact if the following sequence is:

0 — cone” A M cone” B M cone” C — 0.
We claim that |
- -1
0 B-11 45 co 7 X A0 6)

is exact. In fact, since the maps here are straight, applying cone®” to the sequence
results in

0— @B”[—l] — @(Av e BY) — @A” — 0,
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where the horizontal maps are the direct sums of the components of ([—1] and 7, and
this sequence is clearly exact, whence the claim. In particular if both A, B are acyclic,
then so is co,4+1 F.

4.6 Folding and pullbacks of V-shaped diagrams

When defining the product on the relative symplectic cohomology of a pair in
Sect.4.10, we’ll need to use the technique of folding a cube and then taking its cocone.
Here we describe this technique.

Consider an (n + 2)-cube, n > 0, of the form

A

i

Here A, ..., D are n-cubes, and F, G, Z, K are maps of n-cubes, that is (n + 1)-
cubes where the last direction is the one marked with the corresponding letter; H
stands for all the maps running from vertices of A to those of D. The horizontal
and the vertical directions have numbers n + 1, n + 2, respectively. We define the
corresponding folded cube to be as follows:

(o

(N

T4

>}

-
N

—

9 pac

A
l& Lok
0

D

Here A F9, B & C is the composition of the diagonal map A — A & A and the
direct sum F @ (—G): A® A — B C, while T + K is the composition of the direct
sumZ @ K: B&C — D @D with the sum map D @ D — D. It is a matter of routine
verification that this is indeed a cube. Note that folding commutes with passage to
subcubes in the obvious sense.

A V-shaped diagram is a partial cube of the form

B
A
C——=7D
K
. I+K
We define its pullback to be the n-cube Q = co,+1(B@®C —— D).
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If we have a cube of the form (7), we can fold it and then apply cocone in the last
((n 4 2)-nd) direction. We then obtain an (n + 1)-cube of the form
consi(A = 0) > Q = co (BHC 5 D),

which is the point of the current section.’

4.7 Rays and telescopes

Forn > 0, an (n 4 1)-ray is a diagram of the form

R=Ai D5 sy Bty

consisting of n-cubes Aj, Aj, ... and maps between them Fi, F>, ... If F C [0, 1]"
is a face, such a ray defines a restriction to F', which is the (|F| + 1)-ray

Filg
RIF = Allr — A2|lrp — ---

Here we will define the telescope tel R of such a diagram, which is an n-cube. It
will have the property that for any face F C [0, 1]” we have

tel(R|r) = (tel R)|F, (3)

which is crucial in the applications of telescopes below.

Remark 4.8 To motivate the definition of telescopes, recall that given modules A;,
i € N, and module maps f;: A; — A;41, the corresponding direct limit li_r)nl_ A; can
be taken as the cokernel of the map

id—f: @Aia@Ai, where f(ay,az,...,) =, fi(ar),...).

In this paper we are working with homotopical constructions, therefore we need the
analog of the direct limit in homotopy theory, also known as the homotopy colimit. The
telescope of a 1-ray is a model for it. Since the above direct limit is the cokernel of a
map, it is expected that the corresponding homotopy colimit is given by the homotopy
cokernel of a map, or in other words, by its cone.

Consider the map of n-cubes

@Ai % @Ai,

i=1 i=1

9 Note that even though the vertex modules of co,41(A — 0) are all canonically isomorphic to those

of A, the structure maps gain signs which depend on the dimension of the corresponding face (in fact if

F C [0, 11" is a face, f;-O"“(AHO) = (—U‘F‘f}A).
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symbolically defined as F = id — €D, Fi, where D; F; is explicitly given as follows.
First, both the domain and the target cubes have their own structure maps given by the
direct sums of the structure maps of the A;. Now, given a vertex v € {0, 1}"*, both the
domain and target have the corresponding vertex module

(EB A,) =P A
i=l1 i=l

Given vertices v, v’ € {0, 1}" spanning a face F with v = ini F, v/ = ter F, the
corresponding face map

f?i]:i: @A;’ — @A}’/
i=1 i=1

has matrix representation

0 0 00
Fi
F ]:() 00
0 ffz 00

We can now define the telescope of R:
tel R := cone,+1 F.
It can be shown that the telescope of a subray is the corresponding subcube of the

telescope, as claimed in equation (8). Another feature is that if we have an (n + 2)-ray
consisting of the identity maps between n-cubes as follows:

AT sy T 4y
\Lid lid \Lid
AT sy T4

then its telescope is

tel R E) tel R,
where R =A; — Ay — ---
Another crucial property of telescopes is their behavior relative to tensor products.
IfR =A; EN Ay — -~ and R’ = A ﬁ) A}, — - are 1-rays, their tensor product

. Nef .
is defined to be the 1-ray R @ R’ = A1 ® A] RN Ay ®@ A, — ---.Thereis a

) Birkhauser



88 Page460f92 A. Dickstein et al.

canonical quasi-isomorphism tel(R @ R') — tel R®tel R’, see [29] and [10, Lemma
0.1]. Moreover, the induced map on completions, tel(@R/ ) — tel 7@1 R/, is
also a quasi-isomorphism, provided all the modules in sight are free [29, Corollary
2.3.6]. Assume now that there are two 2-rays 7, 7':

|\ L\

and let A, B, A’ B’ be the 1-rays comprised of the A;, B;, A}, B/, respectively. We
obtain a natural 3-ray whose constituent 1-rays are the tensor products A® A', AQ B/,
B® A, and B ® B'. Taking the telescope, we obtain the square

tel(A® A) ——tel(A® B) ©))

.

tel( B A) ——=tel(B® B)

On the other hand, we have the tensor product of the cochain maps tel 7 = tel A —
tel B, tel 7" = tel A’ — tel B/, that is the square

tel A® tel A/ ——tel A @ tel B (10)

L~

telBQtel A/ —=tel BQtel B

The point is that the above quasi-isomorphism extends to a map of cubes from the
square (9) to the square (10), in the sense that each edge map going in the direction
of the cube map is a quasi-isomorphism.

4.8 Floer data, rays, and symplectic cohomology of pairs

Here we discuss the notions of Floer data, acceleration data, the resulting rays of Floer
complexes, and show how these are used to define the symplectic cohomology of a
pair. Also we recall Varolgiines’s notion of descent. Throughout this section (M, w)
is a fixed closed symplectic manifold.

4.8.1 Hamiltonian rays

In [29], Varolgiines defined monotone cubes, triangles, and slits of Hamiltonians. Let
us recall what this means. Consider a strictly increasing Morse function pg: [0, 1] — R
with exactly two critical points at 0, 1. It gives rise to the Morse function p,: [0, 1]" —

R by p,(x) = p1(x1) + -+ + p1(x,). We also endow the cube with the standard
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Riemannian metric. A monotone cube of Hamiltonians is a suitably smooth map
[0, 11" — C°°(M), which is monotone nondecreasing along the gradient lines of p;;
Varolgiineg’s definition in particular assumes that the Hamiltonians at the vertices of
such a shape are nondegenerate, and that they are also constant on a neighborhood
of each vertex. We will impose these assumptions throughout. Similarly monotone
triangles and slits are defined as smooth maps into C*°(M) defined on subsets of
[0, 1] called triangles and slits, see ibid.

Definition 4.9 An n-ray of Hamiltonians or a Hamiltonian n-ray is a sequence H;,
i € N, of monotone n-cubes of Hamiltonians, such that the face of H; corresponding
to {x, = 1} coincides with the face of H;; corresponding to {x, = 0}. Similarly
we define triangular n-rays and slit-like n-rays of Hamiltonians: a triangular n-ray of
Hamiltonians, defined for n > 3, is a sequence of monotone n-triangles of Hamilto-
nians which agree along faces as above. A slit-like n-ray of Hamiltonians, defined for
n > 3, is likewise a sequence of monotone n-slits of Hamiltonians which agree along
the appropriate faces.

Remark 4.10 Such configurations will give rise to rays, triangular and slit-like rays in
the algebraic sense, as we will describe below. To associate such an algebraic object
to a configuration of Hamiltonians, additional structure is needed, such as choices of
almost complex structures and Pardon data, depending on the level of generality. A
suitable choice of such structures always exists given a configuration of Hamiltonians,
therefore we will suppress such choices both from notation and from the discussion
below.

Varolgiines proves the following result, itself a consequence of Pardon’s construc-
tions [21, 22]:

Theorem 4.11 Given a monotone n-cube 'H of Hamiltonians and a suitable choice
of additional data such as almost complex structures or Pardon data, there is an n-
cube whose vertices are the Floer complexes of the Hamiltonians at the vertices of H,
and whose higher maps are obtained by counting elements of suitable moduli spaces
of parametrized Floer equations. Similarly, a monotone n-triangle gives rise to an
n-triangle of Floer complexes, and a monotone n-slit yields an n-slit. O

Since an n-ray of Hamiltonians consists of monotone n-cubes of Hamiltonians
glued along the n-th direction, we have the following

Corollary 4.12 An n-ray of Hamiltonians 'H gives rise to an n-ray whose vertices are
the Floer complexes of the Hamiltonians at the vertices of ‘H. Similarly, a triangular
or a slit-like n-ray of Hamiltonians gives rise to a triangular or a slit-like n-ray of
Floer complexes, respectively. m|

See Remark 4.7 and [29] for the definition of triangular and slit-like cubes. This

corollary is applied as follows: we take the telescope of such an n-ray to obtain an
(n — 1)-cube, to which we then apply the completion functor.
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4.8.2 Weighted Floer complexes

Here we specify the Floer complexes we will be using. If H € C®(M x S') is
a non-degenerate Hamiltonian, its Floer complex, generated by the set P°(H) of
its contractible 1-periodic orbits, was defined as CF*(H) = @XGPO( H) Asp - x in
equation (3). This complex is graded over Z,y,, by the Conley—Zehnder index. The
differential is determined by its matrix elements, given by

(dx,y) = Z #M(H; x,y; A) TEW,
Aemy(M,x,y)

where 772 (M, x, y) is the set of homotopy classes of smooth maps of the cylinder R x S'
to M which are asymptotic at oo to x, y, M(H; x, y; A) stands for the moduli space
of unparametrized Floer trajectories corresponding to H, running from x to y, and
representing the class A, such that every solution has index 1; # M (H; x, y; A) is a
suitable virtual count as in Pardon [21, 22] or just a signed count if M is assumed
to be semipositive. Finally E(A) = [ (H;(y(t)) — H;(x(1))) dt — (@, A) is the
topological energy of solutions in class A, or equivalently the increase in the action
along such solutions. Continuation maps between such complexes corresponding to
monotone nondecreasing homotopies of Hamiltonians are defined in a similar manner,
with weighting by suitable powers of 7.

Remark 4.13 The name weighted Floer complex comes from the inclusion of the 7'-
weights in the differential.

4.8.3 Acceleration data and descent

We need the following definitions.

Definition 4.14 e An acceleration datum is a 1-ray of Hamiltonians. Given an accel-

eration datum H, we will write H = (H; )?il , meaning that H; is the nondegenerate

Hamiltonian at the i-th vertex of the ray, with the monotone 1-cubes of Hamilto-
nians between them being implicit.

e Given two acceleration data H = (H;); and H' = (H/);, we write H < H' if
H; < H] for all i. Note that we do not require anything regarding the monotone
1-cubes between the Hamiltonians at the vertices.

o If H, H’ are two acceleration data and H < ‘H’, a filling F: H — H’ is a 2-ray of
Hamiltonians whose top and bottom 1-rays are H, H'.

Remark 4.15 The existence of fillings follows from the results of [29, Section 3.2.2].
More generally, whenever we have a partially defined monotone cube of Hamiltonians
which is Floer-theoretic in the sense of [29, Section 3.2.3], which means that the given
Hamiltonians do not decrease along broken gradient flow lines of our Morse function
Pn, it can be filled to a monotone cube of Hamiltonians. The same is true of other
kinds of Floer-theoretic configurations of Hamiltonians—slits, triangles, rays, and so
on. We will use this existence in several places in what follows.
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Remark 4.16 For the rest of Sect. 4 we drop the superscript indicating the grading from
all Floer complexes and complexes derived therefrom.

Notation 4.17 Given an acceleration datum H = (H;); we denote the corresponding
Floer 1-rayby CF(H) = CF(H) - CF(Hy) — - --

Definition 4.18 Let K C M be compact. We say that an acceleration datum H = (H;);
is an acceleration datum for K if (H;); is a cofinal sequence in CIO(OC u = {H €

C®(M x SY | H|g s < 0} relative to the usual order on functions.'?

Definition 4.19 (Varolgiines [29]) Let K C M be compact and let H = (H;); be an
acceleration datum for K. The corresponding complex is defined to be

SC(H) := tel CF(H),

where the completion is done degree-wise, in accordance with our conventions, see
Sect.4.1. The relative symplectic cohomology of K inside M is

SH(K) := H(SC(H)).

If R is a commutative A >¢-algebra, the symplectic cohomology of K with coefficients
in R is defined to be SH(K; R) := H(SC(H) ® R).

Remark 4.20 Varolgiines proves in [29] that this is well-defined, in the sense that given
another acceleration datum H’ for K, the two cohomology modules are canonically
isomorphic. We will provide details of this proof in Sect.4.9 below. The proofs are
only given for R = A, but they work verbatim for any R.

Let us now recall what it means for two sets to be in descent; see [29]. Let K, K’ C
M be compact subsets. Choose an acceleration datum H® fore = K, K/, KUK', KN
K’, such that H® < H* whenever @ O o. These acceleration data can be fitted into
a Hamiltonian 3-ray by choosing suitable fillings for the corresponding Hamiltonian
cubes, as proved in [29], see also Remark 4.15. Passing to the corresponding 3-ray of
Floer complexes, taking its telescope and completing yields the following square:

SC(K UK) SC(K")

|

SC(K) ——= SC(K' N K")

where SC (o) stands for SC(H*®). Denoting this square by C, we say that K, K’ are in
descent if C acyclic, meaning that its repeated cone cone®” C is an acyclic complex.

10 This is a variant of the notation used in [29].
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4.8.4 The relative symplectic cohomology of a pair

Next we define one of the main characters in our story, the relative symplectic coho-
mology of a pair.

Definition 4.21 Let (K, K') be a compact pair in M. Let H, H’ be acceleration data
for K, K', respectively, assume that H < 'H’, and fix a filling F: H — H’, which
exists by Remark 4.15. This filling defines a 2-ray of Floer complexes whose top and
bottom 1-rays are C F () and C F (H’), respectively. Taking its completed telescope,
we arrive at a cochain map ®£: SC(H) — SC(H’). We define the relative complex
corresponding to F to be

SC(F) :=codr,
and the relative symplectic cohomology of the pair (K, K’) as its cohomology:
SH(K,K') := H(SC(F)).
Theorem 2.7 is an immediate consequence of the following result:

Theorem 4.22 The relative symplectic cohomology of a pair is well-defined indepen-
dently of the chosen data. Moreover, it is a relative symplectic cohomology of pairs
with coefficients in A>o.

The proof of this theorem occupies Sect.4.9, where we prove that the symplectic
cohomology of a pair is well-defined and its properties are proved, with the exception
of the Product axiom, to which Sect.4.10 is dedicated.

4.9 Well-definedness and properties of SH(K, K')

Here we prove that SH*(-, -) is well-defined, that is it is independent of the various
choices of acceleration data, fillings, and so on, and then we prove that it satisfies the
properties announced in Sect.2.2, thereby proving Theorems 4.22 and 2.7.

In [29] it was proved that SH (K) is well-defined. Here we elaborate on that argu-
ment, and the goal is to construct a framework for the analogous proof for SH (K, K').

Definition 4.23 e If'H = (H;); is an acceleration datum, we say that an acceleration
datum H = (H j)j 1s a subdatum of H if there is a strictly increasing sequence of
natural numbers i (j) such that H; = H;); note that we do not require anything
of the 1-cubes between them. We write H C H. Note that H < H. ~

e Letuscall a~cceleration data H, H’ equivalent if there is a subdatum H C H such
that H' < 'H.

We let
Sk = {H = (H;); | H is an acceleration datum for K }.
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The collection of all acceleration data is partially ordered by <, and Sk is a directed
subset. Moreover, any two acceleration data for K are equivalent.

Below is a reformulation of Varolgiines’s construction of the relative symplectic
cohomology.

®

(ii)

(iii)

@iv)

Given an acceleration datum 7, in Sect.4.8 we have defined the corresponding
1-ray of Floer complexes C F (H), and the corresponding complex SC (H) and
homology SH(H) = H(SC(H)).

Given another acceleration datum H’ such that H < ‘H’, and a filling F: H —
‘H’, there is a 2-ray of Floer complexes such that C F (H) and C F (H’) are its top
and bottom 1-rays. Taking its telescope and completing, we arrive at a 1-cube
of the form ®£: SC(H) — SC(H’), which is simply a chain map between
the complexes of H, H'. We use the same notation for the induced map on
cohomology: ®x: SH(H) — SH(H).

If 7: H — H' is another filling, F and F fit into a slit-like 3- -ray of Floer data
like this:

f
=

H_ ¢ H,
\’_Vz

]:

where the third dimension is perpendicular to the page, and where G is a suitable
filling of the partially defined slit, which exists thanks to Remark 4.15. This
yields a slit-like 3-ray of Floer complexes, whose completed telescope is a 2-slit
of the form

CPf
SC(H) SC('H)
<D7-'

in other words, we obtain a homotopy between ® r, ® # and therefore the two
induce the same morphism on homology. It follows that the maps induced on
homology by various fillings all coincide, and we denote the resulting map by
o SH(H) — SH(H).

If H < H' < 'H” are acceleration data and Fo: H — H', Fi: H' — H’,
Fa: H — H" are fillings, they fit into a triangular 3-ray of Hamiltonians, where
the existence of the filling is thanks to Remark 4.15. To it there corresponds a
triangular 3-ray of Floer complexes, and its completed telescope is a 2-triangle

q)j:o
SC(H) ——= SC(H)

‘P]:l
‘13]:2

SC(H")
which yields the relation Q%, o @%/ = Q%” on homology.
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) If H C ‘H is a subdatum, Varolgiineg proves in [29] that @ﬁ is an isomorphism.
In particular, since CDH ) CI)H CDH we see that CDH is the identity. All of the
above means that (SH (H) ¢> ) is a direct system

i) fH < H are eqlnvalent then there are subdata H C H, H' C H' such that
H=<H <H=<H. Considering the resulting commutative diagram

o
3

. . oH
SH(H) —= SH(H)

H
d)H \CI)H,—/

and the fact that CIDH and dJH, are isomorphisms, we see that <I> "is likewise an
isomorphism.
(vii) If K C M is a compact subset, we define

SH(K) := h_r)n SH(H),
HESK

where the connecting maps are the above morphisms. Since all the connecting
maps are isomorphisms, every natural morphism SH(H) — SH(K) is in fact
an isomorphism.

(viii) If L C K is another compact set, the restriction morphism

resL SH(K) — SH(L)

is defined as follows. Let H € Sk. There is H' € S;, with H < H’. Consider

o
the composition SH (H) 1, SH (H') — SH(L), where the second map
is the natural morphism into the direct limit. Thus we get a map SH(H) —
SH(L). Using the cocycle identities for the comparison maps & as above, as
well as properties of direct limits, we can show that this map is independent of

the choice of H’. Moreover if H; € Sk is such that H < H;, then the map
Hy

SH(H) — SH(L) equals the composition S H (H) EH—> SH(H,) = SH(L).
It follows from the universal property of colimits that we have described a map
resL SH(K) — SH(L). Moreover, since natural maps SH(H) — SH(K)
and SH(H') — SH(L) for H € Sk, H' € Sy are isomorphisms, the diagram

SH(H) —— SH(K)

L

SH(H") ——= SH(L)
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commutes, a fact which is convenient when we actually have to compute
the restriction. It is also clear that res§ = 1id and that restrictions satisfy
resh oresK =resK if P c L C K.

We will now prove that SH (K, K’) is well-defined, define the restriction mor-
phisms, and prove the properties formulated in Sect.2.2. Items (i—viii) contain the
proof of well-definedness, restrictions are the subject of item (ix), while items (x—xii)
contain the proofs of the normalization, triangle, and the Mayer—Vietoris properties.

The main obstacle to overcome is to prove that this cohomology is independent of
the choice of acceleration data and the filling. This is done using the same scheme
as in the above proof that SH(K) is well-defined independently of the acceleration
datum used, except that we have to add a dimension throughout, and that now we also
have to invoke properties of cocones.

(i) If F: ' H — H’ is a filling between acceleration data, we let SC(F) := co .
Note that we have an exact sequence

0— SC(H)[—1] — SC(F) — SC(H) — 0,

see equation (6). We let SH (F) = H(SC(F)).

(i) If H;, H;, i = 0,1 are acceleration data such that H; < H; fori = 0,1,
Ho < 'H; and H6 =< 'H’, consider fillings F;: H; — H;. These fit into a 3-ray
G of Hamiltonians, thanks to Remark 4.15, which then produces a 3-ray of Floer
complexes. Taking its telescope and completing, we arrive at a 2-cube, where
the vertical direction is the first one and the horizontal one is the second one:

CD]:O ,
SC(Hp) —= SC(H,)

.

T
SC(Hy)) —— SC(H’l)

Taking the cocone in the horizontal direction, we obtain a chain map SC (Fp) —
SC(F1). We let Bg be the negative of this map. We use the same notation for
the induced map on cohomology. Note that we have the following commutative
diagram with rows being exact sequences:

0 —— SC(Hy)[—1] — SC(Fo) —= SC(Hp) —=0 (11)

L]

0 —— SC(H)D[-1] —= SC(F;) —= SC(H;) —=0
which is a particular case of equation (6).
(iii) If in the previous situation we have another 3-ray G’ extending the given fillings

Fi,the two 3-rays fitinto a slit-like 4-ray of Hamiltonians, and taking its telescope
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and completion, we obtain a 3-slit as follows:

Pr, )
SC(Hp) — SC(Hy)

o,

SC(Hy) — = SC(H))

Taking cocone in the horizontal direction yields a 2-slit giving a homotopy
between Bg, Bg: (see Remark 4.7). We denote the resulting well-defined map
on homology by B]]_folz SH(Fo) — SH(F).

(iv) If we have three pairs of acceleration data H;;,7 = 0,1, j = 0, 1, 2, such that
Hoj < Hyj and H;o < H;1 < H;2, and we have fillings F;: Ho; — H;, then
all of this fits into a triangular 4-ray of Hamiltonians, thanks to Remark 4.15,
whose completed telescope is the following 3-triangle:

SC(Hoo) bl SC(Huo)
SC(Hor) %‘\ \scmu)
SC (M) b SC(H12)

Taking cocone in the horizontal direction yields the homotopy-commutative
triangle (see Remark 4.7):

Bl

Fo
SC(Fo) —= SC(F1)

72
B
R lﬁ

Fo
SC(F2)

It follows that on homology we have B;-:f ) Bg = B]}_-—g.

(v) If 7: H — H' is a filling and FiH—> Hisa filling between subdata, then
using any 3-ray G of Hamiltonians extending F, F, we arrive at the following
diagram, which is a particular case of (11):

00— SCH)[-1] —= SC(F) ——= SC(H) ——=0

| S

0——> SC(HN[-1] —= SC(F) —= SC(H) —=0
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(vi)

(vii)

(viii)

(ix)

x)

Since the right and the left vertical arrows are quasi-isomorphisms, so is the
middle one. Therefore B; :SH(F) — SH (.% ) is an isomorphism. In particular
B;_Z— is the identity map.

Given a pair of acceleration data H, H’ with H < H’, consider the set of fillings
{F: H — H'}. It parametrizes the system (SH (F), Bf) of modules and iso-
morphisms satisfying the cocycle identity. It follows that we can take its colimit:

SH('H,'H/) = lim SH(F),
—
F:H->H

and that for any F the natural map SH (F) — SH(H,H') is an isomorphism.
If (H;j)i, j=0,1 are acceleration data with Ho; < H1; and H;o < H;1, then the
above discussion yields a natural map S H (Hoo, Ho1) — SH(Hio, Hi1). If we
have a third such pair, then the corresponding maps obey the cocycle identity.
Moreover the natural map SH (H, H') — SH(H, H’) is the identity.

If K/ C K C M are compact sets, put

Sk.x ={(H,H) € Sk x Sg' | H < H'}.

Abusing notation, let us denote by < the order on this set induced by the product
order on Sk x Sk-. This turns Sk k- into a directed set. Put

SH(K.K'):=  lim  SH(H,H".
(H,H)eSk g

Using reasoning as above, we see that for any (H,H') € Sk g’ the natural
morphism SH(H, H') — SH(K, K') is an isomorphism.

If (L,L") C (K, K’) is a compact subpair, we can define the corresponding
restriction morphism

resih S SH(K.K') — SH(L, L")
similarly to the restriction map for the absolute case. Namely, we pick (H, H') €
Sk.xand (G, G") € Sy 1y with (H, H') < (G, G'). We have the composition

SHH,H) — SH(G,G) — SH(L, L,

the latter being the natural map into the direct limit. It is easy to show that
this composition is independent of the choice of (G, G’), and that moreover
these maps SH(H,H') — SH(L, L") form a morphism from the direct sys-
tem (SH (H, H/))(H”H,)GSK.K/ to SH(L, L’). In particular it yields a morphism

resgf’f/;) as claimed. It also follows that resg:?; is the identity and that these

restriction morphisms satisfy the cocycle identity.
Let us prove normalization: if (H, H') € Sk g, and H’ consists of a given Cc2-
small Morse function plus i, then SC(H’) = 0 as Varolgiines shows in [29].
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(xi)

(xii)

Therefore the canonical map SH(H, H') — SH(H) is an isomorphism. It is
also easy to see the compatibility with restrictions.

Let us prove the triangle property. Let K’ C K and pick H € Sk,
H' € Sk such that H < H'. Pick a filling F: H — H'. The morphism
SH(K’) — SH(K, K")[1] is defined as follows. We have a natural morphism
SC(HH[-1] — SC(F), thatis SC(H') — SC(F)[1] after shifting. Passing
to homology, we obtain SH (H') — SH(F)[1]. Using the above methods, it is
easy to show that this morphism is compatible with the various comparison mor-
phisms, and therefore induces a well-defined map SH(K') — SH (K, K')[1].
We have the short exact sequence

0— SC(H)[-1] —» SC(F) - SC(H) — 0.
Its long exact homology sequence reads
o= SHH)[-1] - SH(F) - SH(H) — ---

It is also compatible with the various comparison morphisms, therefore we have
the long exact sequence

.-.SH(K")[-1] - SH(K,K') - SH(K) — - --

as claimed.

Let us prove the Mayer—Vietoris property. Fix accelerationdatafor K, K’, K", K’
U K", K’ N K", fill out the resulting partially defined Hamiltonian 3-ray, and
consider the following 3-cube obtained from it, where SC(-) means SC for the
corresponding acceleration datum:

SC(K) SC(K'UK")
SC(K) l SC(K")
SC(K) SC(K")

T

SC(K) SC(K'NK")

/

Let us call the square coming from the left face of this cube by A, the right square

by B, and the resulting map by A £> B. There results a short exact sequence of
squares

0— B[-1] > co3 F > A— 0.
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Since A is clearly acyclic, and since B is acyclic by [29], it follows that co3 F is
acyclic, which, thanks to [29] results in a long exact homology sequence, which
is precisely the Mayer—Vietoris triangle.

4.10 Constructing the product

The goal here is to prove the existence of a diagram

SH(K,K")® SH(K,K") - L SH(K.K'UK") (12)
SH(K)®@ SH(K) ——*— > SH(K)

provided (K, K’, K"”) € CTD, thatis K', K” C K and K’, K" satisfy descent.
Here the vertical arrows are the canonical restrictions while the bottom arrow is the
Tonkonog—Varolgiines product [27]. We will construct the top arrow and prove that
the resulting diagram commutes.

Remark 4.24 Specializing to the case K’ = K”, we obtain a product structure on
SH*(K, K'). This is the nonunital algebra structure with which we equip SH* (K , K')
to make it conform to the axiomatic framework of Section 2.2.

In the following description SC(K) and so on stand for SC of a suitably chosen
acceleration datum for K. The above diagram is constructed as follows:
Step 1: Using the construction of Sect. 4.6, we will construct a module Q, which is the
pullback of the V-shaped diagram consisting of SC(K’), SC(K"), SC(K'N K" and
restrictions, and a natural morphism p: SC(K) — Q. In addition, we will establish a
commutative triangle:

co(p) =<—— SC(K,K' UK") (13)

.

SC(K)

where the vertical arrow is the natural projection, while the diagonal arrow is the
restriction. The key point here is that the top arrow is a quasi-isomorphism; it is here
that Varolgiines’s Mayer—Vietoris sequence enters, as alluded to in Sect.2.3.

Step 2: We will construct a “zigzag” diagram, which on passing to cohomology yields
a commutative diagram

H(SC(K,K')® SC(K, K")) — H(co(p)) (14)

| |

H(SC(K)® SC(K)) SH(K)
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Step 3: Using the natural transformation H(-) ® H(-) - H(- ® -), diagram (14), and
applying the cohomology functor to diagram (13), we arrive at the diagram

SH(K,K")® SH(K,K") —>= H(SC(K,K") ® SC(K, K")) —>= H(co(p)) <—— SH(K,K' UK")

| | |

SH(K)® SH(K) ——> H(SC(K) ® SC(K)) ——> SH(K)

The top rightmost arrow is an isomorphism as a consequence of the discussion in Step
1 above. Inverting it and suitably composing the other arrows, we arrive at the desired
diagram (12). In the next two subsections we will describe Steps 1, 2 in more detail.

Remark 4.25 1t is possible to show, using the techniques appearing in Sect.4.9, that
the product we construct is independent of the choices of acceleration data, almost
complex structures, and so on, and that it indeed commutes with restriction morphisms.

4.10.1 Step 1

In what follows we implicitly choose acceleration data for all the sets appearing in the
diagrams, such thatif two sets A, B satisfy B D A, then the corresponding acceleration
data are related by <. Moreover, we choose suitable fillings between those acceleration
data, as well as higher-dimensional Hamiltonian rays as necessary, which is possible
by Remark 4.15. Consider the cube

SC(K) SC(K")
S T~
SC(K'UK") SC(K")
|
SC(K") SC(K'NK")
SO T~
SC(K') SC(K'NK")

Here the order of coordinates is as follows: the first one is toward the reader, the second
one is to the right, and the third one is down. This cube is obtained by choosing a 4-ray
of Hamiltonians as indicated in the previous paragraph, passing to the corresponding 4-
ray of Floer complexes, and taking its completed telescope. Note that the non-identity
arrows are chain level restriction maps.

Let us denote

K// K//
SK’ﬂK” +resk'/ﬂk'”

0 = co (SC(K") ® SC(K') — SC(K' NK")):;
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this is the pullback of the suitable V-shaped diagram, which can be seen as part of the
front and the back faces of the above cube. Now let us apply folding to the above cube
and then take cocone in the vertical (that is third) direction. We obtain a square

SC(K) = co(SC(K) — 0) — "~

0
—resg,uK,/\L l—id
0

SC(K'UK") = co(SC(K'UK") — 0) — >

where the minus signs come out of the definition of cocones, see Remark 4.7. Negating
the vertical and diagonal maps, we obtain a homotopy commutative triangle, from
which we can build the following square:

SC(K) =5 SC(K'UK")

|

Applying cocone in the horizontal direction, we arrive at the following morphism of
short exact sequences, see equation (6):

00— SC(K'UK")[-1] —= SC(K,K' UK") —= SC(K) —=0

| |

0 ———0[-1] co(p) SC(K) —=0

Here the first vertical arrow is a quasi-isomorphism by the Mayer—Vietoris property
for sets in descent [29]. Since the last vertical arrow is also a quasi-isomorphism, we
arrive at the conclusion that sois SC(K, K’UK"”) — co(p). The desired commutative
triangle is just the rightmost square. This completes Step 1.
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4.10.2 Step 2

Here we will prove the existence of the following commutative “zigzag” diagram:

SC(K,K')® SC(K,K")=——=SC(K,K')® SC(K,K") (15)

SC(K) ® SC(K)

qis qis

co(p) SC(K)

where - stands for unspecified modules, which we will describe below, and “qis”
stands for “quasi-isomorphism.” Passing to cohomology, inverting the isomorphisms
resulting from quasi-isomorphisms in the above diagram, and composing the other
morphisms, we will obtain the diagram (14) above as claimed. This will complete the
construction of the diagram (12).

The diagram (15) is obtained as follows. Below we describe seven 3-cubes num-
bered I-VII. We will compose cubes I through IV, juxtapose the result with cubes V,
VI, VII, obtaining four 3-cubes written side-by-side as a “zigzag” diagram of 2-cubes
and maps between them of the form - — - — - <= - — -. To this diagram we apply
folding and cocone as in Sect. 4.6, and the above diagram (15) is obtained as a result.
Let us now describe this in detail.

In the cubes, the order of coordinates is as follows: the first is down, the second
is right, and the third is perpendicular to the page. Cubes I-IV are tensor products
of lower-dimensional ones, cubes V, VI come from the functoriality of completed
telescopes (see Sect.4.7), while the last cube comes from Floer theory.

Cube I:
SC(K,K)® SC(K,K") 0 \
SC(K,K'Y® SC(K,K") ————— > SC(K,K')® SC(K")
0 0

\0 \0
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This cube is obtained as follows. Consider the square

SC(K,K") —0

|

SC(K,K") ——= SC(K")

res o pr
as in Remark 4.6 and tensor it with SC(K, K’) to obtain

SC(K,K)® SC(K,K") —————~0

|

SC(K,K"Y® SC(K,K") —— SC(K,K') ® SC(K")

This is the top face of our cube and it remains to append the bottom face consisting

of zeros.
Cube II:

SC(K,K")® SC(K, K" SC(K,K")® SC(K")

T~ T~

SC(K,K")® SC(K,K")

|

SC(K,K")® SC(K")

SC(K")® SC(K. K")
This is obtained by tensoring the square

SC(K,K')——SC(K, K"

l lres opr

00— SC(K")

SC(K") ® SC(K")

as in Remark 4.6 by the map SC(K, K”) —2 SC(K"), using the (2, 1)-shuffle

(1)(23), where we use the standard cycle notation for permutations.
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Cube III:
SC(K,K')® SC(K, K" SC(K,K")® SC(K")
\ \
SC(K)® SC(K,K") SC(K) ® SC(K")
|
SC(K"y® SC(K, K") SC(K") @ SC(K")
\ \
SC(K")® SC(K, K" SC(K")® SC(K")

This is obtained by tensoring the square

SC(K,K') —~ SC(K)

res o pr \L \Lres

SC(K') SC(K")

res o pr

by the map SC(K, K"y ——— SC(K"), using the (2, 1)-shuffle (1)(23).
Cube 1V

SC(K)® SC(K,K") SC(K)® SC(K")

T T~

SC(K) ® SC(K) L SC(K)® SC(K")
SC(K')® SC(K,K") SC(K')® SC(K")
SC(K'") ® SC(K) SC(K") ® SC(K")

res

This is obtained by tensoring the map SC(K) — SC(K') by the square

SC(K, K"y — = SC(K)

reso prl \Lres

SC(K") =——=SC(K")
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Cube V:
SC(K) ® SC(K) SC(K) ® SC(K")

tel CF(H) @ tel CF(H) tel CF(H) ® tel CF(H")
SC(K') ® SC(K) SC(K') ® SC(K')

T T

tel CF(H') @ tel CF(H) tel CF(H) ® tel CF(H")

Here H, H’, H" are acceleration datafor K, K’, K", respectively. The cube is obtained
by applying the natural transformation~® "~ — - ® - termwise. Note that the cube is
straight in the direction perpendicular to the page.

Cube VI:
tel CF(H) ® tel CF(H) el CF(H) ® el CF(H")
\ \
©l(CF(H) ® CF(H)) ©I(CF(H) ® CF(H"))
|
tel CF(H') @ tel CF(H) tel CF(H') @ tel CF(H")
\ \
©I(CF(H') ® CF(H)) El(CF(H) ® CF(H"))

The construction of this cube before completion is outlined at the end of Sect.4.7. Note
that even after completion, the diagonal arrows remain quasi-isomorphisms, thanks
to [29, Corollary 2.3.6 (3)].

Cube VII:
tel(CF(H) ® CF(H)) tel(CF(H) ® CF(H"))
\ \
SC(K) SC(K"
|
el(CF(H') ® CF(H)) tel(CF(H') ® CF(H"))
\ \
SC(K") SC(K'NK")
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This is the Floer theoretic cube corresponding to products, which are the arrows
perpendicular to the page, and restriction maps, which are the rest of the arrows. We
note here that the back face of this cube coincides with the front face of cube VI.

We now compose cubes I-IV, take the resulting cube and juxtapose it with cubes
V, VI, VII. There results a diagram of five 2-cubes and four maps between them going
as follows: - — - — - <— - — - that is we have a “zigzag” in the middle. We can now
apply folding to this diagram and then take cocone in the vertical direction, which
results in the diagram on the left. The diagram on the right is obtained from it by
taking its cocone in the horizontal direction and appealing to the natural map from the
cocone to the domain of a map, see equation (6):

SC(K,K')® SC(K,K"y —=0 SC(K,K')® SC(K,K") ——=SC(K,K’)® SC(K,K")
SC(K)® SC(K) ————> - . SC(K) ® SC(K)
tel CF(H) @ tel CF(H) ——> - e S ICF(H) ® EICF(H)
qis qis qis qis
tel(CF(H) ® CF(H)) —— - e > ©I(CF(H) ® CF(H))
P
SC(K) — >0 co(p) SC(K)

The required diagram (15) is the one appearing on the right. This completes Step 2
and therefore the construction of the product on relative symplectic cohomology.

5 Symplectic rigidity and computations
5.1 Proof of Theorem 1.33

Here we prove Theorem 1.33, based on Theorem 1.39, which is proved in Sect.5.2.
The other ingredient we need is Lemma 1.40, whose proof appears below.

Proof of Theorem 1.33 Recall the statement of the theorem: any involutive map f: T x
S?2 — B, where B is a surface, has a fiber which intersects all the sets of the form
T (a, b, c) x equator.

Let 7 be the quantum cohomology IVQM on T® x S%. The Kiinneth formula yields

OH*(T® x §%) = QH*(T% ® QH*(5%) = H*™44(T% A) ® A(l, h).
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Leta = [dgy Adgol, B = [dpy Adp3l,y = [dp> Adg3] € QH*(T®). Consider the
graded ideal I ¢ QH*(T® x §2) generated by« ® 1, 8 ® 1, y ® 1. Since

axpBxy =[dq Ndgx ANdgz Ndpy ANdpr Adp3] #0, we have
@D+ =(@xpxy)®l#0,

which implies that I3 # 0. Theorem 1.32 thus implies that there is by € B such that
the corresponding fiber f~!(bg) of f intersects each compact Z C T® x S? with
1 C ©(Z). It remains to show that

I C t(T(a,b,c) x equator).
Thanks to Theorem 1.39!'! we have

a € 1(Ti(a)), e t(T2(b)), vy € t(I3(c)),

which by monotonicity implies that o, 8, y € t(T (a, b, ¢)). For any equator L C S2,
the complement S> \ L is the union of two displaceable open disks, and therefore by
Lemma 1.40 we have the crucial conclusionthata®1, BR1, y®1 € ©(T (a, b, c)x L),
and consequently that I C 7(T (a, b, ¢) x L), as required. |

It remains to prove Lemma 1.40.

Proof of Lemma 1.40 1In this proof we abbreviate resy = resl}(’l and similarly for N
and M x N. For the first assertion it suffices to show that for any neighborhood V' of
L we have SH*(V¢; A) = 0. Let N\L = W U---U W; be a decomposition into
pairwise disjoint displaceable open sets. It follows that V¢ = Ule (VN W;), and
moreover that each V¢ N W; is displaceable, being contained in W;, and compact,
because it is the complement in V¢ of U./#(Vc N W;), which is open in V¢. Thus
SH*(VCN W;; A) =0, and by the Mayer—Vietoris property

SH*(VS; A) = @ SH*(VE N Wiz A) =0.

1

For the second assertion it is enough to prove thatif « € 7(K) and 8 € t(L) =
SH*(N; A), then for every pair of neighborhoods U D K, V O L we have

resx vy (Y(a® p)) =0,

since sets of the form (U x V)¢ are cofinal in the collections of compacts disjoint from
K x L. To prove this, we need the following

Claim: The restriction resg{;ixl)ﬂ is an isomorphism.

Assuming this for a moment, and using the naturality of the Kiinneth morphism

with respect to restrictions, we obtain the commutative diagram

11 We need to rearrange the coordinates on TC to apply the theorem for y.
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reS 1 x V)¢ )
SH*(M: M) ® SH*(N: A) — = SH*(M x N: A) —— P _ SH*(U x V)©: A)

resyc ®id TSy w N
s UXV
4

N N UCxN
SH*(US; A) @ SH*(N; A) ——= SH*(U x N; A)
It follows that

res vy (Wl ® B)) = (reste ) T (Y ((resye @ id) (@ ® B)))

= (resgiiy) ) (W resye (@) ®B)) = 0,

=0

as claimed. Here we used that resye(a) = 0, which follows from « € 7(K).

It remains to prove the above claim. First, we claim that the sets U¢ x N, M x V¢
commute. Indeed, let f: M — [0, 1] and g: N — [0, 1] be smooth functions with
£710) = U and g1 (0) = V¢; thenthe map f x g: M x N — [0, 1]? is involutive
and

USx N =(fxg) "0}y x[0,1), M x V<= (f x g ([0, 1] x {0}),

and therefore these sets commute thanks to Remark 1.14. Noting that (U x N) U
(M x Ve =(U xV)~and (U x N)N(M x V) = U° x V€, the corresponding
exact Mayer—Vietoris triangle reads

(res;/UC)< vF ,res(U>< VE)C )
XN MxV . .
SH*((U x V); A) SH*(U® x N; A) @ SH*(M x V¢; A)

\/

SH*(US x V¢ A)

Since V¢ is a finite union of pairwise disjoint displaceable compact sets, so are M x V¢
and U¢ x V¢, therefore SH*(M x V¢; A) = SH*(U¢ x V¢, A) = 0 by the Mayer—
Vietoris property, whence the top arrow in the triangle is the desired isomorphism

(UxV)E
eSyexn

SH*((U x V) A) SH*(U® x N; A).
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5.2 Proof of Theorem 1.39

Recall the formulation of the theorem: If (M = T?*, w = dp A dq) is the standard
symplectic torus and S C T" is closed or open, then

(S xT") = uy (S x T
= p(S) @ H*(T"; A) € H*(T"; A) ® H*(T"; A) = H*(M; A),

where the last equality is the Kiinneth formula, while for a space X, px stands for the
cohomology IVM on X. Also recall that QH*(M) = H*(M; A).

Let us first prove this when S is closed. Let 4: T" — [0, 1] be a smooth function
which vanishes exactly on S. Let A C (0, 1) be the set of its regular values and define
Qq = {h > o} for @ € A. The collection (Qy X T")ye4 is cofinal in the family of
compacts which are disjoint from S x T". It follows that

(S xT" = m ker(QH*(M) — SH*(Qq x T A)).

acA

Since 0 Q, C T" is a smooth coorientable hypersurface, the inclusion Q, — T” can
be extended to an embedding t: (—¢, €) X Q4 <> T" for some € > 0. The induced
embedding T := ¢ x id» : (—¢, €) x dQq x T" <> M then has the property that for
each p € (—¢, €),T({p} x 3 Qg x T™) has no closed contractible characteristics. Indeed,
if ¥ C T" is any hypersurface, then each closed charateristic of ¥ x T" has the form
pt xy,where y C T" is astraight circle, which implies that it is noncontractible. Since
T} x 00q x T") = 1({p} x 3Q¢) x T", our claim follows, and thus Theorem 1.46
applies to the region Q, x T", since its boundary is 9(Qy x T") = Q4 x T", and
we obtain

ker (QH*(M) — SH*(Qq x T A)) = ker (H*(M; A) — H*(Qq x T A)),
whence

(S x T") = ﬂ ker (H*(M; A) — H*(Qq x T"; A)),

acA

which equals (S x T") by the same cofinality property. Finally, the equality
pm (S x T") = prn (S) @ H*(T"; A)

follows from the cofinality of (Qy)ye4 in the family of compact subsets of T” which
are disjoint from S, and the Kiinneth formula.

If S ¢ T" is open, then, since the collection of sets of the form K x T", where
K C §is compact, is cofinal in the family of compacts contained in S x T”, it follows
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that
(S x T") = U (K x T = U wm (K x T
K cptcS K cptCS
= U wo®) @ HY(T": A) = pre(S) @ H (T": A),
K cptcS

as claimed. The proof is complete.

5.3 Proof of Theorem 1.48

Recall that the theorem asserts that given a contact-type region K with incompressible
index-bounded boundary in a closed symplectically aspherical symplectic manifold
(M, w), we have:

(i) There is a canonical isomorphism SH*(K; A) = SH;(f?; A), where
SH}(K; A) is the classical symplectic cohomology of the completion K;
(ii) ker (H*(M; A) - H*(K; A)) C ker (res% :SH*(M; A) - SH*(K; A)).
First, in Sect.5.3.1 we describe the relation between, on the one hand, the Floer
complexes we use in this paper, as described in Sect. 4.8, where the differentials, con-
tinuation maps, and so on, carry weights which are suitable powers of the Novikov
parameter 7', and, on the other hand, unweighted Floer complexes. Then in Sect.5.3.2
we recall the definition of the classical symplectic cohomology of the completion K of
K in two incarnations—the weighted SH* (f ; A) and the unweighted SHj (I? ; AN)—
and establish a canonical identification between them. In Sect.5.3.3 we construct
an isomorphism SH *(K; A) = SH*(K; A), thereby proving item (i). Finally, in
Sect. 5.3.4 we prove the containment assertion (ii). We omit the almost complex struc-
tures from the notation throughout.

5.3.1 Weighted and unweighted Floer cohomology

Here we establish an isomorphism between the weighted and the unweighted Floer
theories. Given a nondegenerate Hamiltonian H, its unweighted Floer cochain com-
plex over A is

CF},(H; A) = EB A-x
xeP°(H)

carrying the differential

dwx = Y #M(H;x,y)y, (16)
yEP°(H)

where M(H; x, y) is the moduli space of Floer trajectories of H from x to y of index
difference 1. We let H F}\,,(H; A) be the cohomology of (CF},, (H; A), duw).

w
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As described in Sect.4.8, the complex we use in this paper is the A>o-module

CF*(H) = @ Aso - X
xeP°(H)

with the weighted differential

dx = Z #M(H; x, y)TA#RO = Ay
yEPe(H)

where Ay is the action functional, which is well defined on contractible loops due to
asphericity. Note that in Sect.4.8 the weight we mentioned is the topological energy
of a Floer cylinder, which in the aspherical case equals the action difference between
the orbits to which it is asymptotic.

The following relates the two constructions.

Proposition 5.1 The map
Y CFi(Hy A) — CF*(H) @py A, x> x @ TAHW

is a chain isomorphism. It is compatible with continuation maps on both sides. It
induces a complete identification between unweighted Floer theory with coefficients
in A and its weighted counterpart: HFJ},,(; A) = HF*(-) ® A .

Proof Since the two theories count the same moduli spaces in the same way, with the
difference lying in the 7 -weights, the first assertion is easily verified by keeping track
of the powers of T in appropriate commutative diagrams. For the second assertion,
note the flatness of A as a A>g-module, which we use in the last isomorphism in the
following:

HF},(H; A) = H*(CF},,(H; A) £ H*(CF*(H)®@ A) = HF*(H)® A. (17)

w

m}

5.3.2 Symplectic cohomology of regions with contact-type boundary

Here we take K C M to be a region with contact-type boundary, not necessarily
incompressible or index-bounded. We denote by Y the Liouville vector field defined
on a neighborhood of ¥ = 9K, let A = tyw be the corresponding Liouville form,
and let « = A|y be the induced contact form. The symplectization of (X, «) is then
(X x (0, 00),, d(ra)). We say that a € R is noncharacteristic if it is not the period of
a Reeb orbit of X, which is contractible in K.

We fix € > 0O such that the map ¥ x (1 —€,14+¢€), > M, (z,r) ¢§}”(z) is
a well-defined smooth embedding, where ¢>; is the local flow of Y. This map is then
a symplectomorphism onto its image, where ¥ x (1 — €, 1 4 €) is endowed with the
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restriction of d (r«). In what follows we identify this part of the symplectization with
the image of the above map in M.

Throughout we pick a generic almost complex structure which is cylindrical near
3, that is in Liouville coordinates in the neighborhood ¥ x (1 — €, 1 + €) it is r-
invariant, preserves the contact structure on X, and maps Y to the Reeb vector field
along ¥ x {1}. We omit it from notation.

Let K denote the completion of K, obtained by attaching the positive end of the
symplectlzatlon of X, thatis (Z X [1,00),d(ra)),to K along X. Let us first precisely
define SH* (K A) and S H; 9 (K A)—the weighted and the unweighted classical sym-
plectic cohomology of K—in our setting.

Similarly to Definition 4.18, we define an asymptotically linear acceleration datum
for K C K to be an acceleration datum (Hy), for K in K , with the additional
requirement that each H, be of the form a,r + b, outside a neighborhood of K.
Note that our conventions in particular imply that each H, is nondegenerate, which
implies that a,, is noncharacteristic, and that we have fixed nondecreasing homotopies
(H})ser from H, to Hy 4.

We consider the Floer complexes C F*(H,), defined in Sect.4.8, and for each n
we define a continuation map ®,,: CF*(H,) — CF*(H,1) by counting the corre-
sponding continuation solutions, weighted by their topological energy, namely,

Su() = Y HMHsx,y) - TAB O Am @
YEP° (Hy41)

These yield a 1-ray:

CF*(H) 25 CF*(Hy) 23 CF*(H3) — - -
We put

SH*(R: A) = H( lim CF*(H,,)®A) ~ H*( lim CF*(Hn)) ®A, (18)

n—o0 n— 00

where the last isomorphism is due to the flatness of A.
The “classical” symplectic cohomology S H} (K'; A) was defined by Viterbo in [30]
using unweighted differentials and continuation maps, namely:

n—)oo n—>oo

SHC*I(I/(\; A):=H ( lim CF}, (H,,,A)) = hm HF} (Hy; A) . (19)
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Since by Proposition 5.1, H Fjj,(-; A) = HF*(-) ®., A, the two versions agree:

SHG(K; A) = lim HF},(Hy; A) = lim (HF*(H,) ® A)

w
n—o0 n—o0

( lim HF*(H,,)) QA= H( lim CF*(H,,)) ® A = SH*(K: A).
n:)OO n—oo
(20)

Note that any other asymptotically linear acceleration datum for K C K yields the
same homology groups, as can be shown using continuation morphisms between the
Hamiltonians in the two acceleration data.

5.3.3 Relative SH for index bounded regions

This section is dedicated to proving the first assertion of Theorem 1.48. We keep the
notations from the beginning of the previous subsection. Here we assume in addition
that K has incompressible and index-bounded boundary. The incompressibility implies
that a loop in X is contractible in ¥ if and only if itis in K and in M. Thusa € R
is noncharacteristic if and only if it is not the period of a Reeb orbit of ¥ which is
contractible in X, K, or M.

Since we have just SEI\OWH that SHC*I(I/{\; A) = SH*(I?; A), it remains to construct
an isomorphism SH*(K; A) = SH*(K; A), which is what we do here.

To compute SH*(K; A), we construct a suitable acceleration datum where we
can separate the generators lying inside and outside K by action. Recall from the
beginning of the previous subsection that we have identified a neighborhood of ¥
with the portion ¥ x (1 — €, 1 4 €), of the symplectization of ¥. Choose a positive
decreasing sequence €, — 0 with 4¢; < €. We choose an increasing sequence of
smooth autonomous Hamiltonians on M as follows:

_ —1/n,x ek,
Hy(x) = fa(r), x € 2 x [1,1+4e,], 2D
n, x¢ KUX x[1,1+44¢,],

where f,:[1,1 + 4¢,] — R is a monotone increasing smooth function such that
fa(r) = ayr + by on [1 + €,, 1 + 3¢,] for some constants a,, b, with a,, > 0 being
noncharacteristic. We also require that €,a, be a bounded sequence. Note that the
contractible 1-periodic orbits of ﬁn in ¥ x [1,1 + 4¢,] all have the form y x {r},
where y is a contractible Reeb orbit of X while » € (1, 1 4 4¢,) is such that f, (r) is
the period of y. The action of such an orbit is Aﬁn (y x{r) = fulr) —rf,(r), the
y-intercept of the tangent to the graph of f, atr.

By our nondegeneracy assumption, the contractible Reeb orbits of « are isolated,
there is only a finite number of geometrically distinct such orbits, and the set of periods
is discrete. It follows that the 1-periodic orbits of H, we have just described come as
a finite collection of isolated circles, and if two such circles share the same value of
r, they are disjoint in X.
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_ We now construct a nondegenerate perturbation H, of H,, as follows: we multiply
H, | by a positive C?-small Morse function in K (the same function for all ), add a
C2-small Morse function in M \(KUZ x (1, 14+4e,)), leave the linear part untouched,
and perform a small time-dependent perturbation in the nonlinear parts, such that the
perturbation only happens in a small enough neighborhood of each isolated circle of
1-periodic orbits of H,, and such that each such circle splits into two 1-periodic orbits
of H,.

The contractible 1-periodic orbits of H,, therefore fall into four groups: PL(H,)
and Py (H,) (‘L and ‘H’ for ‘low’ and ‘high’), which are the critical points in K and
in M\ (KUZX x[1,1+ 4e,]), respectively, and P (H,), Py (H,), which are the
nonconstant orbits in ¥ x [1, 1 +¢€,] and ¥ x [1 + 3¢,, 1 + 4¢,], respectively. Due
to the asphericity of M, these orbits can be assigned integer-valued Conley—Zehnder
indices. We will denote by Pl (H,) the subset of P, (H,,) consisting of orbits of index
Jj. See Fig. 1 for an illustration.

Note that to each x € Py (H,) U P;(H,) we can uniquely assign a circle of Reeb
orbits of ¥ from which x originates, and that the Conley—Zehnder index of a Reeb
orbit y in such a circle is a linear function of the Conley—Zehnder index of x with
universally bounded coefficients. Moreover, Ag, (x) is very close to A i,y % {r},
where f, (r) is the period of y.

Thus for j € Z, the set of Conley—Zehnder indices of Reeb orbits corresponding
to Pi (H,) U 734 (H,) is contained in a fixed interval independent of n. The same
is then true of the set of periods of such Reeb orbits, due to the index-boundedness
assumption. Therefore there are constants 81 (), B2(j), B3(j) > 0, independent of n,
such that

Ap, (P{(H)) C[=p1(j), 01, Ap, (PL(H) C [n = B2(j), n + B3()].

Here we have implicitly used the fact that €,a, is a bounded sequence.

Fix j € Z. We will construct an isomorphism SH/(K; A) = SH/(K; A).
Notation 5.2 Given a Z-graded module A*, we let A~/ be the graded module such
that (A~/) = Al fori = j —1,j,j + 1, and (A~/) = 0 otherwise. If A* is a
cochain complex, we endow A~/ with the obvious differentials. Note that H/ (A*) =
HI(A™).If $* = | |,z S" is a Z-graded set, we let S~/ = | |;c;y i1y 5"

It follows that in order to compute S H J(K; A),itis enough to consider the complexes
CF~J(H,). Denote

P_(Hp) = PL(Hy) UP(Hyp),  Pi(Hy) = Pu(Hy) UPy(Hy),

and similarly for the corresponding sets of orbits of fixed indices. We let C F (H,)
be the submodule of C F*(H,) generated by the subset P4 (H,) C P°(H,), and put
CFX(Hy) = CF*(H,)/CFi(Hpy).
The above discussion implies that there is ng such that for all n > ny:
e All the actions Ap, (P:j (Hp)) are strictly above all the actions A, (Prj (Hy)),

and since the Floer differential does not decrease actions, it follows that C F _:j (Hp)
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A Py Pr..

Fig.1 The Hamiltonian H,, and the four distinguished sets of 1-periodic orbits

is a subcomplex of CF™I(H,), and that CF~7 (H,) = CF™~/(H,)/CF.’ (H,)
inherits the quotient differential;

e Alltheactions Ax, (P:j (Hy)) liestrictly above all the actions A, | (ij (Hp+1)),
and since the homotopy from H, to H,4; is nondecreasing, the corresponding
continuation morphisms do not decrease actions, and thus map CF:j (H,) into
CF:J (Hn-i-l)-

We thus arrive at the following commutative diagram of cochain complexes and
cochain maps, where the rows are short exact sequences, the middle vertical arrows
are the continuation maps, and where the left and right ones are induced from them:

0——> CF;/(H,) — = CF~i(H,) —'—~ CF"/(H,) —0

| | |

0 —— CF,/ (Hyp1) —> CF™I (Hyy)) "= CF2/ (Hys1) — 0

¢ i ¢
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One can verify from the definitions that taking telescope of the 1-rays involved pre-
serves the exactness, namely we obtain the following short exact sequence:

0——tel CF,/ (H,) ——>tel CF™I (H,) —> tel CF~/ (H,) —=0
n n n

Since the rightmost module is free, thus in particular flat, Lemma 4.1 implies that the
exactness is preserved by the completion:

0 —> el CF,’ (H,) —— el CF~ (H,) —> | CF"/(H,) —>0 .
n n n

(22)
Note that if we replace the sequence (H,),>n, by any subsequence (Hp, )i, this
whole algebraic argument works mutatis mutandis. In particular, we can choose a
subsequence in such a way that the aforementioned action separation guarantees the
existence of some ¢ > 0 such that the continuation morphisms map C F:j (Hy, ) into
T°CF.’ (H,
of notation.
Now we will use the following fact, whose proof is an immediate verification from
the definitions. We will also use this in the sequel.

«+1)- At this point we denote this subsequence again by (H,), by abuse

Lemma 5.3 Consider a 1-ray of modules C; over A>o,

C]ﬂngC3ﬁ>---.

Let x1 € C1 and denote its images in the modules C; by x;, namely, x; = yri_1(xj—1).
Assume that there exists ¢ > 0, so that for all i, ¥ (x;j) € T¢ - Cj41.

Then, the image of x1 in li_n)lC,' is zero, and moreover, if for every i, we have
¥i(Ci) C T¢ - Ciy, then Tim C; = 0, 0

The lemma then implies that li/_r:nnCFJ:j (H,) = 0, in particular it is acyclic, and

therefore so is the complex t/eE CFJ:j (H,), since the two are quasi-isomorphic. It
follows that the map p in (22) is a quasi-isomorphism.

Now, in order to compare SH*(K; A) and SH* (I? ; A), we will define an asymptot-
ically linear accelf}ration datum for K C K , starting from H,,, as follows. Recall thatin
the definition of Hy, equation (21), they are of the form a,r +b, in X x [1+€,, 1+43¢,],
and that H,, is obtained by perturbing H,, outside this region. We now let

H,(z), zeKUZXx[l,1+4+3¢],

Hn(z)={an,+bn,zezx[1+en,oo)-

This clearly is an asymptotically linear acceleration datum for K C K, thus by defi-
nition

SHI(R; 8) = HI(lim CF™I (H,) ® A).

n
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Note the obvious identification P° (ﬁn) = P_(H,). On the other hand, the differential
of CF_"’(H,) counts Floer trajectories in M connecting orbits in P_(H,,). Since our
almost complex structures are cylindrical in the “neck” region X x (1, 1 + 4¢,), by
the “no escape” lemma, [9, Lemma 3.4] [4, Lemma 2.2], all these Floer solutions
are contained in K, and the same applies to the continuation solutions going between
those generators. It follows that

CF™/(H,) =CF ' (H,) (23)

as complexes, and this identification commutes with continuation maps on both sides.
We thus have the following isomorphisms:

SHY(K; A) = H (lim CF™ (H,) ® A)
n

= H/(lim CF/ (H,) ® A) = HI (lim CF~/ (H,)) @ A. (24)

n n
To finish the argument, we need the following
Lemma 5.4 The module li_r)nn CF_Nj(Hn) is complete.

Assuming this for a moment, and picking up at the end of (24), we have

SHI(K: A) = H-/’(n_r)nCij(Hn)) ® A = H/(lim CF~/(H,)) ® A

n

= H/(©,CF~ (H,)) ® A £ H/(tel,CF™/ (H,)) ® A = SH! (K; M),

where = is thanks to the fact that p in (22) is a quasi-isomorphism.
This finishes the proof of item (i) of Theorem 1.48, modulo Lemma 5.4, which we
will now prove. First, we have the following algebraic result.

Lemma5.5 Let (D), be a sequence of endomorphisms of the free module Akzo, such
that for each n we have

®, =D, + T B,,

where D, = diag(T", ..., T%*) with €,; > 0 for all n, i, such that for each i we
have )", €,; < 00, where ¢, > max|<j<x €, for each n, and By, is a strictly upper
triangular matrix with coefficients in A=q. Then the direct limit of

O] O]
ALy = ALy =S A —
is isomorphic to AI;O, and in particular it is complete.
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Proof The conditions on D,, and B, imply that we can perform Gauss elimination on
®,, with the result being D,,, which means that there is an invertible matrix C, such
that C,®, = D,. This amounts to a change of basis in each copy of A, such that
the corresponding direct system is now

>0

Dy Dy

ALy = ALy S AL — L.

The basis changes yield an isomorphism between the two direct systems, and thus an
isomorphism between their direct limits. It therefore remains to compute the limit of
the latter system. Since each D,, is diagonal, the system splits into the direct sum of

the systems

TEli TE€2i
Aso 25 Aso £ A — -,

whose limit can be shown to be isomorphic to A, using the remaining assumptions
on the €,;. O

For the sake of brevity, we will only sketch a proof of Lemma 5.4. The idea is that the
sets PI’ (Hp) stabilize for n large enough, that is the orbits in them are obtained by per-

turbing the same set of Reeb circles. Moreover, we can order the elements of P~/ (H,,)
by decreasing action, which identifies CF_7(H,) = A% for k = [P~/ (H,)|. Let
us outline an argument which shows that ®,;: CF~/(H,) —» CF~/ (Hy+1) is of the
form specified in Lemma 5.5.

Since H, |k, Hy+1|k are negative multiples of the same Morse function, the con-
tinuation map between their critical points connects each one only to itself. Next, there
are no continuation trajectories from P, ~J (H ) to 73 ~J (Hy41) due to action. The con-
tinuation trajectories from P B ~ (H,) to ”PL (H,,+1) all have topological energy which
is at least the minimal period of a Reeb orbit on X, perhaps minus a small correction.
Finally, as we have indicated, there is a natural bijection PI’ (H,) = P;j (Hpy1).
The matrix element of ®,, counting continuation trajectories connecting two orbits
which correspond to one another by this bijection can be shown, using action window
arguments, such as [19, Theorem 2.1] to have coefficient =1 with weight T3 for some
small §. The rest of the matrix elements have weights 7# with u at least the smallest
gap in the period spectrum of X for a bounded set of Conley—Zehnder indices, and
thus w is at least some positive constant.

This shows that ®,, is indeed as in the lemma, and thus h_r)nn CF~/(H,)is complete.
This finishes the proof of Lemma 5.4.

5.3.4 The kernel of res)'
Here we prove item (ii) of Theorem 1.48, that is that
ker (H*(M; A) — H*(K; A)) C kerres¥ .

W Birkhauser



Symplectic topology and ideal-valued measures Page 77 0f92 88

A

Fig.2 The Hamiltonians L, and H, with the distinguished sets of 1-periodic orbits

We retain the acceleration datum (H, ), for K specified in the previous subsection.
We will compute the chain-level restriction map resAK” using a suitable acceleration
datum (L), for M, and monotone homotopies from L, to H,. The Hamiltonians L,
are assumed to satisfy the following:

(i) There is a C2-small everywhere negative Morse function F such that L,, = s, F,
where s, — 0 a decreasing positive sequence;
(ii) The values of F on K are strictly smaller than those on K¢;
(iii) X is aregular level set of F, and d F and induces the outward coorientation;
(iv) By the C2-smallness assumption, the only 1-periodic orbits of L,, are the critical
points of F;
(v) Their levels are in relation with those of H, as seen in Fig.2.

We denote the critical points of L, thatliein K by P_(L,), while P4 (L,,) stands for
the set of critical points in M \ K. Fix j € Z and define CF:j (L,) c CF~I(L,)tobe
the subcomplex generated by P:j (L,)andlet CF~/(L,) := CF~i (Ln)/CF:j (L)
be the quotient complex. Note that by our assumption (v), the actions L, (P+(Ly))
are strictly larger than the actions Ay, (P—(H,)), which means that the continuation

map from L, to H, maps C F_:] (Ly) into C F_:j (H,). Arguing similarly to the end
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of Sect.5.3.3 we obtain the following homotopy-commutative diagram

0——= @ CF,/ (L,) —> € CF~i(L,) —> el CF/(L,) —=0
n n n

e

0 — el CF,’ (H,) —— el CF™ (H,) ——~> el CF"/ (H,) — 0
n n n

Let us identify the relevant complexes, homologies, and maps. Let us start with the
map p in the top row. Recall the calculation in [29]: the Floer differential on C F*(L,,)
is simply the Morse differential of F with suitable weights, which disappear in the
limit, that is IT_I:nnC F*(L,) = CM*(F) ® A-g, where the latter complex is given the
usual unweighted Morse differential, and thus computes H*(M) ® A~¢. Similarly,
ﬁ_r\)nnCFf (Lp) & CM*(F|k) ® A=, again with the usual Morse differential. This
latter complex computes H*(K) ® A~.

We have a morphism of direct systems from (C F*(L,)), to (CF*(L,)), given by
termwise quotient maps. The induced morphism in the limit is, using the identifications
we have just described, H*(M) ® A~g — H*(K) ® Ay, the restriction map on
singular cohomology. This morphism of direct systems fits into a commutative square

tel,C F*(Ly) —2— tel,CF*(Ly)

| |

fim CF*(L,) —lim CF*(Ly)

where the vertical maps are the canonical quasi-isomorphisms as in [29, Lemma 2.3.7].
It follows that the map on j-th cohomology, induced by p in the top row of (25), is
the singular restriction map.

Similarly to the considerations of Sect. 5.3.3, the complex tel, C F:] (H,)isacyclic.
Therefore, taking the j-th cohomology of the right square of (25) we finally arrive at
the commutative diagram

SHI(M) = HI (M) ® Ao —2>= HI(K) ® A~

M
resg \L

SHI(K)

11

where p, has just been shown to equal the restriction on singular cohomology. It fol-
lows from this diagram that ker p* C ker resAK” , and the assertion (ii) of Theorem 1.48
follows from this upon tensoring with A. This completes the proof of Theorem 1.48.
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A
Pu ...
No contractible
periodic orbits.
K
1+4e,
\\/ } _____
Pr Y P+

Fig.3 The Hamiltonians L, and H, with the distinguished sets of 1-periodic orbits

5.4 Proof of Theorem 1.46

Recall that the theorem states the following: assume that K is aregion with boundary ¥
whose neighborhood is the image of a smooth embedding (—¢, €) x ¥ — M extending
id: ¥ = {0} x X — M, suchthatno {p} x X carries closed characteristics contractible
in M; then SH*(K; A) = H*(K; A) and resl}(’l: SH*(M; A) - SH*(K; A) coin-
cides with the restriction on singular cohomology H*(M; A) — H*(K; A).

We pick acceleration data (H,),, (L,), for K, M, respectively, as in Sect.5.3,
only this time r is the first coordinate of the aforementioned embedding (—e, €) x
Y < M. In addition, we require that L, and H, coincide on K. The absence of
closed contractible characteristics near X means that P°(H,) = PL(H,) U Py(H,)
and P 1+(H,) = <, where we use the notations from Sect.5.3. Note as well that
P_(L,) = P_(Hpy). See Fig. 3.

As in Sect.5.3.4, we obtain two short exact sequences with morphisms between
them:

0 — @l CF(L,) —— el CF*(L,) —— el CF*(L,) — 0
n n n

l | ¥

0 —> tel CF¥(H,) —— tel CF*(H,) —— tel CF*(H,) —= 0.
n n n
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Note that we do not use truncated complexes here due to the absence of nonconstant
contractible orbits. As before, t’el; CFi(Hy) is acyclic, and the map p in the top
row computes the restriction on singular cohomology H*(M) ® A9 —> H*(K) ®
A-o. What is different is the map @f in this diagram, which we will now show
to be an isomorphism. Fix n and consider the map ®,: CF*(L,) — CF*(H,).
Since L, = H, on K, the constant Floer solution sitting at a generator x € Pr(L,)
contributes to the continuation map with coefficient 1 and is the only energy zero
connecting trajectory, therefore @, (x) = x+ terms with positive powers of 7. This
means that the reduction of @, to the residue field of A~ is just the identity, in
particular invertible, which in turn implies that &, is invertible. Therefore the 2-ray
consisting of the complexes C F*(L,), C F*(H,) has the property that the maps in
the finite direction are all isomorphisms. It is not hard to show that the induced map
tel, CF*(L,) — tel, CF*(H,) is then an isomorphism, therefore so is the map on
completions be: tel,CF* (L) — tel,CF* (Hy).

Taking the homology of the right square, we arrive at the following commutative
diagram:

SH*(M) = H*(M) ® A~g ——> H*(K) ® A~g

M ~
lresK =

SH*(K)

112

Composing the right arrow and the inverse of the bottom arrow, we conclude that
SH*(K) = H*(K) ® A~ and that under this isomorphism the restriction maps on
singular and symplectic cohomologies coincide. In particular ker resAK’I = ker py. This
finishes the proof of Theorem 1.46.

5.5 Proof of Theorem 1.44

Recall that the theorem states that if (M, w) is symplectically aspherical, K C M
is a compact heavy set, and there is a sequence of contact-type regions W; with
incompressible index-bounded boundary, all containing K in the interior, such that
K = ﬂi Wi, then for all i, [Vol] € ker res"u’i -, and in particular [Vol] € 7(K) =
N; ker resj‘v’é _, therefore K is SH-heavy.

For the rest of the proof we let W be one of the W;. Varolgiines proves in [29] that
SH*(M) = H*(M) ® A~¢. We will prove the following

Claim 5.6 There exists i > 0 such that

T*[Vol] € ker (SH*(M) — SH*(W©)).

That [Vol] € ker res¥_ follows from this upon tensoring with A.

Let us recall what it means for a set to be heavy. To this end we note that, since
M is symplectically aspherical, given any ground field IF, the usual unweighted Floer
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complex CF}, (H;F) of a nondegenerate Hamiltonian H on M can be defined as
the F-vector space with basis P°(H), and that it can be given a Z—grading. The
Floer differential dy is given by the usual formula, see (16). We let H F}\, (H; )
be the cohomology of (CF, (H; ), dyw). Correspondingly, we have the Z -graded
quantum cohomology QO H . (M; TF), which is isomorphic to the singular cohomology
H*(M;TF), in this case both additively, and as an algebra. We have the PSS isomor-
phism PSS: HF}\,,(H;F) - QH*(M;F) = H*(M; F), see [23].

Since the differential increases the action, for each a € R, the subspace
CF}) . _(H;TF) generated by x € 79°(H ) with Ay (x) > a is a subcomplex. Let

uw,>a
HFy, - ,(H; F)bethe cohomology of CFy, -, (H; F)andlet j;: HFy, - ,(H;F) —

HF}, (H;TF) be the morphism induced by the inclusion. We have the cohomological
spectral invariants

c'(A,H) =sup{la € R| A € im(PSSoj¥)} for A € QH*(M;TF).
The corresponding partial symplectic quasi-state £: C*°(M) — R is given by

Vv

c(H) = lim ¢” ([Vol], kH)’
k—o00 k
where [Vol] € H?*(M;T) is the volume class. The original definition in [8] used
homological spectral invariants c([M], -) relative to the fundamental class [M] €
Hyy(M; F), but ¢([M],-) = cY([Vol],-) thanks to the duality formula, see for
instance [16, Section 4.2]. For K to be heavy means that for each F € C®(M)
we have

((F) > mlgnF.

For us, the crucial consequence of the assumption that K is heavy is the following

Lemma 5.7 For any L > O there exists F € C°° (M) such that Flye < 0 and such
that ¢V ([Vol], F) > L.

Proof Let Fy € C°°(M) satisfy Folye < 0and Fy|g > 0. Since K is heavy, we have

. . cY([Vol], k Fp)
0 <min Fy < ¢{(Fp) = lim ——.
K k— 00 k

In particular there is ko such that ¢¥ ([Vol], ko Fy) > L. Now put F = ko Fj. O

Let us identify a neighborhood of the boundary ¥ = 9 W with the piece ¥ x (1 —
€, 1 4 €), of the symplectization of X, so that rd, is the Liouville vector field.

For real numbers e, E such that e < 0, E > 0, let us call a nondegenerate
Hamiltonian H on M (E, e)-admissible if it is a sufficiently small perturbation of
a smooth function H: M — R which satisfies: H|W( =e, H|W\();X(1 —ean = E,
H|Zx(l —e1] = for,where f:[1 —¢€,1] — R is a smooth function such that
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f( —¢€) = E, f(1) = e, such that f is strictly concave on [1 — €, 1 — 2¢/3],
strictly convex on [1 — €/3,1], and f(r) = ar + b for some constants a, b for
r € [1 —2¢/3, 1 — €/3], where the slope a is noncharacteristic, that is |a| is not the
length of a contractible Reeb orbit of X. By “sufficiently small” here we mean the
following:

(i) On We, H is e plus a C?-small Morse function, so that its only contractible
I-periodic orbits there are the critical points of the Morse function;

(i) On W\(2 x (1 —¢,1]), His E plus a C2-small Morse function, so that its only
contractible 1-periodic orbits there are the critical points of the Morse function;

(iii) On X x [1 —2¢/3,1—¢€/3],H = ﬁ, so that in particular H has no contractible
1-periodic orbits there;

(iv) On X x [1 —€, I —2¢/3], each contractible 1-periodic orbit x of H of Conley—
Zehnder index 2n is close enough to an orbit of H of the form y x {r}, where y
is a suitable reparametrization (in the negative direction!) of a closed Reeb orbit
of X; in particular we require the Conley—Zenhder index of this reparametrized
Reeb orbit to be universally bounded, which implies that its period is universally
bounded, and we require Ay (x) to be close to the action Az(y x {r}) =
f(r) —rf'(r) up to an error of 1;

(v) On X x [I —€/3, 1], the same is required of H as in the previous item.

We invite the reader to revisit the arguments in Sect. 5.3 in order to better understand the
logic here. We refer to the contractible 1-periodic orbits of H in W\ (2 x [1—2¢/3, 1])
as the “upper orbits,” while to the rest as the “lower orbits.”

The point of admissible Hamiltonians is as follows.

Lemma 5.8 There exists L > 0 so that whenever H is an (E, e)-admissible Hamilto-
nian, then:

(1) The actions of its upper orbits of index 2n in ¥ x [1 — €, 1 — 2¢/3] are at least
E—1;
(ii) The actions of its lower orbits of index 2n in ¥ x [1 — 2¢/3, 1] are at most L.

Proof Item (i) is a consequence of assumptions (ii) and (iv) in the definition of admis-
sibility, together with the fact that the action of an orbit of H of the form y x {r}
is f(r) — rf’(r), the y-intercept of the tangent to the graph of f at r. This number
can easily be seen to be at least £, and our assumption on the 1-closeness of H- and
H-actions, as in assumption (iv).

Item (ii) is similarly a consequence of assumptions (i) and (iii). The action bound
L comes from the universal bound on the lengths of Reeb orbits which correspond to
orbits of H of Conley—Zehnder index 2n. O

Fix L as in the lemma, and fix F as in Lemma 5.7 for this L. Then there exists an
acceleration datum (H;);>¢ for We such that for all i we have:
H; > F;
Each H; is (E;, ¢;)-admissible, where ¢; — 0 and E; — o0;
All the upper orbits of H; of index 2n have actions > L;
There exists ¢ > 0 such that the minimal action of an upper orbit of H; of index
2n is at least c+ the maximal action of an upper orbit of H; of index 2n.
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Fig.4 The action separation A
between the lower and upper
orbits is demonstrated on the on
the Hamiltonians H,,. The value
L is marked. The tangents whose
y intercepts are the actions are
depicted in gray, as well as dots
representing the actions of the

Morse critical points T - \

upper orbits

lower orbits

See Fig. 4 for an illustration. Note that as a consequence of admissibility, all the lower
orbits of H; of index 2n have actions < L.
This acceleration datum yields a 1-ray of Floer complexes and continuation maps

o

CF*(Hy) —% CF*(Hy) — ...

Lemma5.9 Let y € CF>"(Hy) be a linear combination of the upper orbits of Hy.
Then it is killed by the composition

Ppy . S~
CF*(Hy) —> lim CF*(H;) - lim CF*(H),

where ® p, is the natural map into the direct limit.

Proof The map & g, factors as follows:

H:
. CI>H;_710...0<I>Z(1) . q>Hj ) .
CF*(Hy) ———— CF'(H;) — lim CF"(H;),

1

where @y, is again the natural map into the direct limit. By the action separation

property of the acceleration datum (H;);, CI>Z§“: CF™(H;) — CF?'(H;,) maps
any linear combination z of upper orbits of H; to a linear combination of upper orbits
of H; 1, since it is action-increasing. Thus dJZj“ (z) € T¢-CF* (Hj41), where ¢ has
been chosen in the above list of properties of (H;);, and by induction we have

H: H .
(@yy 00 PR € T - CF*(H)).
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whence

H; P
Dpy(y) = P, (@p)_ 00 i (y)) € T7¢ lim C F* (H;)

i
for all j, that is

Dy,(y) € ﬂ T* li)n CF*(H;) C ker(™), where ™~ is the completion map.
>0 i

O

We now fix a C2-small negative Morse function G: M — R, let (s;);>0 be a
strictly decreasing sequence of positive numbers < 1 converging to zero, and put
G, = 5;G. Then (G;);>0 is an acceleration datum for M. The weighted Floer com-
plexes C F*(G;) are all isomorphic to the Morse complex CM*(G) ® A>¢ with the
differential weighted by suitable powers of 7', which depend on i, while the contin-
uation map CF*(G;) — CF*(G;4) is given by Crit G 5 p > Tt (P)=Gi(p) .
It follows that h_r)n CF*(G;) is canonically isomorphic to CM*(G) ® A~¢ with the
usual unweighted Morse differential; in particular it is a complete A>-module. The
natural map CM*(G) ® Ao = CF*(G;) — h_r)ni CF*(G;) = CM*(G) ® A~q is
given by Crit G 3 p > T~/ (P p,

In particular SH*(M) = H(CM*(G) ® A>0) = HM*(G) ® A~q and if g is
a maximum of G, then [Vol] ® T~¢0@) ¢ SH*(M) is represented by T~00@g e
CM*(G)® A-gandistheimageof g € C F*(Gy) under the natural map C F*(Gy) —
hm C F*(G;). Note that we can assume that G; < H; for all i, therefore as in Sect. 4.8
there exists a filling between the acceleratlon data (G;);, (H;); and in particular we
have the corresponding continuation maps CDG[_. CF*(G;) — CF*(H,;).

Lemma5.10 Let g < CF*(Go) be a maximum. Then there is j > —Go(q) such
thcll]t TH+Go(9) dDgg (g) is cohomologous in C F*(Hy) to a linear combination of upper
orbits.

Assuming this for a moment, let us proceed to

Proof of Claim 5.6 We have the following commutative diagram:

CF*(Gy) — tel; CF*(G)) —>E>m\iCF*(G,') =lim CF*(G))  (26)

CF*(Hy) — tel; CF*(Hj) 4>E>m\l_CF*(Hi)
The middle vertical arrow comes from the 2-ray of Floer complexes coming from the
aforementioned filling. The top left arrow is the inclusion of C F*(Gy) into the second

direct sumintel; CF*(G;) = @; CF*(G)[11® &P, CF*(G,), followed by comple-
tion, and similarly for the bottom left arrow. It follows that the square commutes. The
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top right arrow is the completion of the composition of the projection of tel; C F*(G;)
onto P, C F*(G;) followed by the natural map into the direct limit. Varolgiines proves
in [29] that this arrow is a quasi-isomorphism. The same considerations hold for the
bottom right arrow. Note that the composition of the top arrows is the natural map into
the direct limit, and the same is true for the composition of the bottom arrows, except
the completion is then tagged on.

Fix p as in Lemma 5.10. We will show that 7#[Vol] is killed by SH*(M) —
SH*(W¢). Theelement T*[Vol] € SH*(M) = H**(M)@A-g = H> ({éli CF*(Gy))
is represented by the image of T#+60@g e CF?" (Go) under the top left arrow. It fol-
lows that the image of T#[Vol] by SH* (M ) — SH*(WF¢) is represented by the image
of CDHO (T’“rGO(’I)q) € CF¥(Hp) in lim, Tim C F*(H;) by the map which is the composi-

tion in the top row of (26). By Lemma 5.10, (110 g) = THTEO@D [ (g) is
cohomologous to a linear combination of upper orbits of Hy, and thus by Lemma 5.9,

this linear combination is killed by the map CF*(Hy) — E)m\iCF*(Hi). It follows

that the image of 7#+¢0(9) CDgg (g) in tel; CF* (H;) is cohomologous to zero, and thus
we have our claim. m]

Proof of Lemma 5.10 Consider the following commutative diagram:

CFiy(Go: )

T

CFly ~0(Goi A) CF%,(Go: A) CFX,(Hy: F)
CFl, _o(Ho: A) CF,(Hy: A)
CF*(Gg) l CF*(Go) ® A

CF*(Hp) CF*(Hyp) ® A

Here for a nondegenerate Hamiltonian E we have a valuation on CF}}\, (E; A) given
by T*x + A+Ag(x) and CF:W,>0(E; A) stands for the A >o-submodule of elements
with nonnegative valuation. The oblique arrows are continuation maps in respective
Floer theories (unweighted or T-weighted), the upper vertical arrows are the embed-
dings induced by the field extension [ C A, the horizontal arrows are inclusions, while
the rest of the vertical arrows are the isomorphism v from Proposition 5.1 in Sect 5.3.1.
For instance ¥: CF%, (Go; A) — CF*(Go) ® A is deﬁned by ¥ (x) = x ® TG0 ™),
and similarly for Hy. It is easy to check that ¥y maps CF, uw >0(Go; A) 1somorphlcally
onto CF*(Go) C CF*(Go) ® A and same for Hy.
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Letnow g € C Fuzv’ﬁ(Go; F) be a maximum, that is a representative of the volume

class. Since continuation maps commute on cohomology with the PSS isomorphisms,
it follows that y := ®(q) € C Fuz‘f,(Ho; [F) also represents the volume class, where
&: CF}, (Go; F) — CF, (Ho; F) is the unweighted continuation map. On the other
hand, Lemma 5.7 and the assumption Hy > F imply that ¢V ([Vol], Hy) > L, since
spectral invariants are monotone with respect to the Hamiltonian, therefore there is
a representative of the volume class y € C F2"(Hp; ) consisting of orbits of action
> L, and by our choice of acceleration datum this forces y to be a linear combination
of the upper orbits of Hp. It follows that there is b € C Fuz\f,_l(Ho; ) such that
Yy —y = dywb. We can now look at this equation in CF,(Ho; A). The elements
¥, b do not necessarily lie in CFjw,>0(H0§ A). Let © = —Go(g) > 0 be such that

Ty, T"b € CF}, >0(Ho; A). Applying ¥ and noting that it is A>o-linear and

W
commutes with continuation maps, we obtain the following equation in C F*(H):

d(T*Y (b)) = Y (T D(g) = Y(T"y) = TH g0 (¥ (g)) — Y(T"y)
= THHODSE () — Y (T y).

This means that T’”‘GO(‘”(IDgg (¢) is cohomologous in C F*(Hp) to ¥ (T*y), which
is a linear combination of the upper orbits of Hp, as claimed. O

6 Centerpoint theorems for IVMs

In this section, we first formulate an abstract centerpoint theorem for [IVMs, from which
we will first deduce Karasev’s result, Theorem 1.2, as well as our Theorem 1.32, which
is used in Sect. 5.1 in the proof of the symplectic rigidity result, Theorem 1.33, and
eventually Gromov’s result, Theorem 1.1.

Theorem 6.1 Let Y be a compact metric space of covering dimension d, let A be an
algebra, and let I € T(A) be a graded ideal with I*TY =£ 0. For an A-IVM v on Y

put

X1y =1{Z CY|Z compactwith I C v(Z)}.

Then (zex, , Z # 2.

We refer to a point in the above intersection as a centerpoint of v with respect to 1.

Proof Assume on the contrary that ﬂZEX” Z = @. Then (Z°)zex,, is an open
covering of Y, therefore by the assumption on the covering dimension on Y and by
Milnor’s lemma (see [20, Lemma 2.4]), this covering admits a finite refinement {V;; }; ;
wherei =0,...,dand V;; NV, = @if j # j".LetY; = |, Vi;. Foreachi, j there
is Z € Xy, with V;; C Z€, therefore by monotonicity / C v(Z) C v(Viﬁ). Since
Y= Vlj U Vli, for any j # j’, by the intersection property we have

vy =v(N; V5) = Ny vV o 1,
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and by multiplicativity and normalization we obtain
0 # @+ [T v(¥e) C v (ﬂ?:o Y;) = (@) =0,

which is a contradiction. |

This abstract theorem has the following consequence, which will be used for the proof
of Gromov’s version of the centerpoint theorem 6.7.

Corollary 6.2 Under the assumptions of Theorem 6.1, and under the additional
assumption that A is graded Noetherian, a centerpoint yy € Y satisfies I ¢ v(Y'\{yo}).

Proof Otherwise I C v(Y \ {yo}), therefore by continuity

revvinn=v(Ur (1)) =Un(ra(1))
ieN ieN

and by the graded Noetherian property the ascending chain of graded ideals in the
union stabilizes, which means that there is ip € N such that I C v(Y\B y0(%)). By

monotonicity it follows that I C v(Y \Byo(%)), which, thanks to the fact that yg is a
centerpoint of v with respect to /, means that yp € Y \Byo(%), which is absurd. O

We will derive the following from Theorem 6.1:

Corollary 6.3 Let X be a compact Hausdorff space, let A be an algebra, and let |1 be
an A-IVM. Let I € Z(A) be a graded ideal such that I*TV = 0 for some d > 1. Let
Y be a metric space of covering dimension d. Then any continuous map f: X — Y
has a fiber which intersects all the members of Xy ;.

We call such a fiber a central fiber of f with respect to /. To deduce Corollary 6.3
from Theorem 6.1, we need the notion of pushforward for IVMs.

Definition 6.4 Let A be an algebra, let f: X — Y be a continuous map, and let i be
an A-IVM on X. The pushforward of by f is the set function f,u defined on the
open sets of ¥ by fuu (V) = u(f~1(V)).

Remark 6.5 e The pushforward construction makes sense for any Z (A)-valued func-
tion defined on open or closed subsets of X, not necessarily an A-IVM. We will
use this below.

e It is easy to see that fiu is an A-IVM on Y. If X, Y are Hausdorff and X is
in addition compact, then the extension of f,u to the compact subsets of Y, as
described in Remark 1.9, coincides with the pushforward of the extension of p to
the compact subsets of X.

Proof of Corollary 6.3 Without loss of generality assume that Y is compact and that f
is onto. Applying Theorem 6.1 to the A-IVM v = f, 1, we obtain a point y( contained
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in any compact Y C Y with I C v(Y’). If Z € X, then, since Z C Y2,
we have

Icu(2)cu(f ' (f(2)=v(f2),
therefore yyp € f(Z), as claimed. O

Karasev’s topological centerpoint theorem 1.2 follows from a trick from toric geom-
etry appearing in Karasev’s original proof [14], in combination with the following
result, which itself easily follows from Corollary 6.3.

Theorem 6.6 Let n = p(d + 1), where p, d are positive integers. Then for any con-
tinuous map g: CP" — Y, where Y is a metric space of covering dimension d, there
exists yo € Y suchthat g~ (yo) intersects all the pd-dimensional projective subspaces
of CP".

Proof Let . be the cohomology IVM on CP", let h € H>(CP") be a generator and
consider the graded ideal I = (h”). Then I @+ =£ 0. Moreover, if C ¢ CP" is a
pd-dimensional complex projective subspace, then, since 4” is Poincaré dual to C,
it follows that for every open neighborhood U O C we have h”|cpn\y = 0, which
means that I C p(C), in particular C € A7 ,, using the notation of Theorem 6.1.
Corollary 6.3 then implies that g has a fiber intersecting all the members of X7 ,,, and
in particular each pd-dimensional projective subspace. O

We can now present

Proof of Theorem 1.2 Consider a continuous map f: A" — Y, where Y is a metric
space of covering dimension d and n = p(d + 1). Consider the standard toric moment
map &: CP" — A", andlet g = f o ®. Let ygp € Y be the point whose existence is
guaranteed by Theorem 6.6. If Z C A" is a pd-dimensional face, then ®~1(Z) is a
pd-dimensional complex projective subspace, therefore

g#g'one '@ =o' (oo ne @) =7 (T (o) N 2),

whence £~ (y9) N Z # @, as claimed. O

Next we prove Gromov’s centerpoint theorem. We invite the reader to review the
notion of rank, Definition 1.28.

Theorem 6.7 (Gromov, [13]). Let Y be a compact metric space of covering dimension
d, let A be a finite-dimensional algebra, and let u be an A-IVM on Y. Then there is
yo € Y such that

dim A/ (Y \ {yo}) = rkat1 A.
Proof Put r = rky41(A). By definition, (A/’)*(‘”]) # 0, therefore by Corollary 6.2,
a centerpoint yg € Y of u with respect to A/” satisfies A”” ¢ (Y \{yo}). Therefore
dim A/u(Y\{yo}) > r by the definition of A/". O
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This result implies Gromov’s Theorem 1.1. For the proof we will need the following
explicit calculation of ranks.

Example 6.8 ([13, Section 4.1]) If X is a closed oriented manifold, then Poincaré dual-
ity implies that any nonzero graded ideal in H*(X) must contain the orientation class
[X].If X1, ..., Xg are closed oriented manifolds, define m = minj<; <4 dim H*(X;),
and X = []°_, X;. Kiinneth’s formula implies that

d
H*(X) = Q) H* (X))
i=1

as graded skew-commutative algebras. The natural inclusion map
i H (X)) — H*(X), amr 107D g4 19@¢-)

is a graded algebra morphism. If K C H*(X) is a graded ideal of codimension < m,
then Li_l (K) is a nonzero graded ideal in H*(X;), which then contains [X;] by the
above. It follows that K contains ¢; ([X;]) = 1®0~D @ [X;] ® 1®€@—1 and therefore
so does H*(X)/™. Since

d
[Juxih=1X11®- @ [Xal = [X] #0,
i=1

it follows that

kg H*(X) > m = min dim H*(X;).
I<i<d

If n > p(d + 1), then for the torus T = (T?)? x T"~7¢  we obtain

tkgy1 H*(T") > dim H*(T?) = 2°.
Proof of Theorem 1.1 Recall that we have a map f:T" — Y, where Y is a metric
space of covering dimension d and n > p(d + 1). Without loss of generality assume
that f is onto and that Y is compact. Let u be the cohomology IVM on T” and let
v = fiu. Theorem 6.7 implies that there is yg € Y such that

dim H*(T")/v(Y \ {yo}) > rkgs1 H*(T").

Example 6.8 implies that rkg H*(T") > 2P, therefore

dim H*(T") /(T \ £~ (vo0)) = 2.
By the definition in Example 1.11 we have

w(T\ £~ () = ker (H*(T") — H*(f~ (),
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therefore

rk (H*(T") — H*(f~1(y9))) = dim H*(T") — dimker (H*(T") — H*(f~1(y))) = 27.
o

We close this section with the proofs of Theorems 1.30 and 1.32, for which we
need the following observation on the relation between the pushforward construction,
see Remark 6.5, and involutive maps.

Proposition 6.9 Let (M, w) be a closed symplectic manifold and let ;: M — B be a
smooth involutive map. If A is an algebra and t is a A-IVOM on M, then m.T is an

A-IVM on B.

Proof All the axioms of an A-IVM are satisfied automatically, except multiplicativity.
If U,U’ C B are open, then by Remark 1.14 their preimages Poisson commute,
therefore quasi-multiplicativity implies

mt(U) # et (U) = e L) x 1 =L U)) @) na T WU) = merU N UY),
as required. O
Remark 6.10 Remark 6.5 applies here as well, that is the pushforward of the extension
of T to compact subsets of M coincides with the extension to compact subsets of B of

the pushforward of t, because M and B are Hausdorff and M is in addition compact.

Corollary 6.11 Let (M, w) be a closed symplectic manifold. Then for any continuous
involutive map f: M — Y the pushforward f.t of an A-IVOM t is an A-IVM.

Proof Factor f as M LB —f> Y, where 7 is a smooth involuti_ve map. Then m,7 is
an A-IVM on B according to Proposition 6.9. Therefore f,1 = f,(7,7) is an A-IVM
onY. O
Proof of Theorem 1.30 Apply Theorem 6.7 to the A-IVM f,t. O
Proof of Theorem 1.32 Without loss of generality assume that Y is compact and that f
is onto. Let 4 = f, 7 and note that this is an A-IVM on Y thanks to Corollary 6.11.

Theorem 6.1 implies that there is yo € Y contained in every compact ¥’ C Y such
that 7 C n(Y'). If Z € X 1, then

I Ct(Z) Ct(f N (f(2)) = n(f(2),

therefore yyp € f(Z), as claimed. O
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